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PREFACE TO THE SECOND EDITION 


The object of this book is to compile a set of instruc- 
tions for engineers, which will enable them to make electri- 
cal calculations for transmission lines with the least possible 
amoimt of work. For this purpose, the chart, tables of 
formulas and tables of line constants have been arranged 
so as to make a convenient working tool. 

The first five tables of formulas do not involve complex 
quantities or higher mathematics. However, the use of 
complex quantities, distinguished by the letter “j,” is 
extremely useful in transmission line calculations, and a 
special effort has been made in Chapter VI to make it easy 
for anyone who is accustomed to simple algebra to use the 
complex quantities, even without a previous acquaintance 
with them. 

Calculations for constant-voltage transmission lines and 
for the application of synchronous condensers have been 
included, as they are now necessary for the most important 
transmission systems. 

A number of chapters have been includea as a reference 
section, in which the derivation of the principal formulas 
can be found. 

H. B. Dwight. 

HamhiTOW, Canada 
Maxcb, 1925 
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Part I 

WORKING FORMULAS 


CHAPTER I 
INTRODUCTION 

The determination of the electrical characteristics of 
transmission lines is an engineering problem of considerable 
practical importance. It occurs frequently in electrical 
engineering, being required not only for the design of new 
lines, but for determining the operation, loading and stability 
of existmg transmission lines and networks. 

Working methods and formulas are given in the tables 
in Part III of this book, a sufficient number of different 
formulas having been selected to cover the range required 
for power transmission hnes at commercial frequencies, and 
for the problems occurring most frequently in practice. 
The formulas for short lines are very concise, and those for 
long lines have been planned with a view to simplicity and 
the saving of time and effort in making calculations. 
Groups of problems with answers, some of them worked 
out in detail, are given to illustrate in a practical manner 
the use of the formulas. 

The first method, which is described in Chapter III, is 
in the form of a chart, shown in the frontispiece, which 
gives the regulation or voltage drop "of a line, and which also 



shows directly the required size of conductor for given con- 
ditions. 

In Chapter IV are described formulas for distribution 
lines and transmission lines only a few miles long. These 
are extended by means of the constant as described in 
Chapter V, to apply to lines up to approximately 200 miles 
in length at commercial frequencies. 

For the calculation of very long lines, for unusual 
problems, and for checking different formulas, the funda- 
mental relations of transmission lines are expressed by 
rapidly converging series, as described in Chapter VI. 
While these series require more work than the K formulas, 
they give exact results to any degree of accuracy desired. 
The method of convergent series involves the use of com- 
plex numbers, that is, numbers in which terms appear. 
They are easier to handle, however, than sines and cosines 
of angles or hyperbolic functions of complex quantities, 
and therefore, the use of these other mathematical func- 
tions has been avoided where possible. 

Each of the above groups of working formulas is printed 
in a table, ready for practical use, given in Part III at the 
end of the book. 

When any formula is given which uses approximations, 
the limits of its accuracy should be clearly stated so that 
one can tell at a glance whether the method is sufficiently 
accurate for the purpose in hand, or whether a longer 
method giving greater accuracy is desirable. This is 
e^ecially necessary in the calculation of transmission lines, 
because approximate formulas are quite permissible for 
linds only a few miles long, but become very untrustworthy 
when the length is increased to one hundred miles or more. 
For this reason, each table of formulas has its percentage 
and range of accuracy printed in a prominent position, so 
that the most suitable method for any case may be quickly 
chosen. For estimating accuracy, the convergent series, 
which give the exact results of the standard h 3 perbolic 
theory, are the criterion by which other methods are judged. 



CHAPTER II 


ELEMENTS OF A TRANSMISSION LINE 

essential elements of a transmission line h.ave been 
described many times, but a short discussion of them, 
with an explanation of some of the terms used in connec- 
tion with the subject, may be useful before proceeding 
with the actual calculations. 

A transmission line consists of two or more conductors 
insulated from each other so that they can carry energy by 
electric currents to some more or less distant point. 

The conductors may be solid copper wires, copper cables, 
or aluminum cables. The diametCTS and resistances of 
various standard conductors are given in Tables 14 and 15, 
in Part III. It will be noted that the exact value of the 
resistance of a conductor differs slightly when a direct cur- 
rent, and an alternating current of 25 or 60 cycles, is flowing. 
This is due to the “skin effect,*’ by which an alternating 
current tends to flow near the STrrface of a conductor, as 
explained in Chapter XVII. The drop in voltage due to 
resistance is proportional to the current and is in phase with 
it when the current is alternating. 

Only overhead lines, carrying alternating currents, will 
be considered in this book. Such lines are supported by 
poles or steel towers at a considerable height above the 
ground. The conductors are separated from each other by 
a distance which may be several inches or several feet. 
The distance is called the “spacing” of the conductors 
and it has an unportant bearing on the electrical charac- 
teristics of the line. 

An alternating magnetic fleld is formed aroimd, and 
inside of, conductors carrying alternating currents. This 
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field generates a voltage along the conductors which is 
proportional to the current, like the voltage drop due to 
resistance, but which is 90° out of phase with the current. 
This voltage is called the reactance drop. Tables of react- 
ance of transmission lines will be found in Part III. 
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Since the voltage drop in a transmission line is due to 
resistance and reactance, a simple line may be considered 
to be made up of the elements shown m Fig. 1. If JB is the 
total resistance, the voltage drop in phase with the current 
I will be IR, and if X is the total reactance, the voltage 
drop in quadrature with the current will be IX. 

The vector diagram of 
the above quantities will be 
as in Fig. 2. The current 
is in general not in phase, 
with the voltage E, but lags 
behind it by an angle d, 
according to the power fac- 
tor, cos 6, of the load. The 
resistance drop IR will therefore not be added directly to E, 
but must be added vectorially, along with the reactance 
drop IX, as in Fig. 2. It is evident that the voltages E 
and Et, and the power factors cos 8 and cos 4>, at the two 
ends of the line, are not the same in value. 

A long transmission line acts as a condenser and this 
fact also must be taken into account. A condenser consists 
of two electrical conductors placed close together but insu- 
lated from each other so that a direct current cannot pass 
between them. However, if an alternating voltage be 
applied between them, a charge of electricity proportional 
to the capacitance, or electrostatic capacity, of the con- 
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denser will flow into and out of the conductors. The result 
is that an alternating current will appear to flow between 
them, proportional to the capacity susceptance of the con- 
denser. This current, called the charging current, will be 
90° out of phase with the voltage, and, unlike most currents 
in ordinary practice, it will lead the voltage in phase, instead 
of lagging behind it. The amoiint of the charging current 
may be deteraoined by means of the tables of capacity sus- 
ceptance of transmission lines, in Part III. 

A current in phase with the voltage will flow^ between 
the conductors, but it is only noticeable at very high volt^ 
ages. Part of it is a leakage current flowing over the insulat- 
ors, and part is a discharge through the air, and produces 
the glow called corona, on high-voltage conductors. 


k 

Sufip/y 



Fig. 3. 


The elements of a transmission line accounting for the 
leakage current and charging current are shown in Fig. 3, 
in which resistances and condensers axe shimted across the 
line all along its length. 

Considering for the present that the voltage of the line 
is the same at all parts and is equal to j®, the cmrent in 
phase with E flowing across from one conductor to the 
other will ‘be EG, where G is the total conductance between 
the wires. So also,' if B is the capacity susceptance of the 
line considered as a condenser, EB will be the value of the 
shunted current in quadrature with E. 

The vector diagram for the line indicated in Fig. 3 (neg- 
lecting the voltage drop in the conductors) is shown in Fig. 4. 
It is seen that the cixrrent Zs at the supply end is different 
in magnitude and phase from the current I at the receiver. 

In order to calculate the combined effect of the above 
phenomena, formulas must be used which will take into 



account the fact that the resistance, capacitance, etc., are 
uniformly distributed along the line, and that the line cur- 
rent and voltage are different at all parts of the line. 



Fig, 4. 

While the values of reactance and capacity susceptance 
are tabulated in Part III for 25 and 60 cycles only, the 
50-cycle values can be very easily obtained by multiplying 
the 25-cycle values by 2. 



CHAPTER III 


TRANSMISSION LINE CHART 

The characteristic of a transmission line, as ordinarily 
operated, which limits the load it may carry, is its regula- 
tion, or the variation in voltage which occurs when the load 
is thrown on and off. This is especially true when the load 
has a low power factor, which is the case in most instances 
at the present time. 

For estimating the regulation of a line, or the size of 
conductor required, the regulation chart which forms the 
frontispiece of the book may be used, and it will give the 
required result much quicker than any method of calcula- 
tion. 

An article by the author describing the calculation and 
construction of this type of chart has been publi^ed in the 
“Electric Journal,” July, 1915, page 306. 

The chart is accurate withm approximately i of 1% of 
full hue voltage, for the range of conductors indicated, when 
the line is not more than 100 miles long, and the load is such as 
to produce not more than 15% resistance or reactance volts. 

Wherever a voltage is mentioned in this chapter, it 
refers to line voltage, that is, voltage between conductors, 
and not voltage to neutral. 

In using the chart,* one places a strai^tedge across it 
from the point on the left corresponding to the spacing of 
the transmission line, to the point on the ri^t, correspond- 
ing to the resistance of the conductor per mile. The regu- 
lation factor, V, is then read directly from the chart for the 

* The process of using the chart is similar to that used w^ith the traaas- 
former regulation and efiBlciency charts published by J. F Peters, Electric 
Journal f December, 1911. 
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power factor of load considered. The regulation is taken 
as the change in load voltage when the load is thrown on or 
off, assuming constant supply voltage. 

The total regulation is quickly figured on the slide rule 
from the following formula for two-phase (four wire) or 
three-phase lines: 

Regulation Volts = 1000^^aO^^ 

where Kv-a. = kilovolt-amperes of load, at the receiver end; 
E =line voltage at the load, or receiver end; 

Z = length of line in miles. 

For single-phase lines use 2F instead of F, making the 
formula as follows: 

Regulation Volts = IQ Q g . Kv:a. xZx2F ^ 

El 

The regulation volts may be expressed as a percentage 
of E to give the per cent regulation, and a formula is given 
on the chart for obtaining this result directly. 

The line drop, or difference in voltage between the supply 
end and the receiver end of the line, is the same as the regu- 
lation for lines less than about 20 miles long, but for longer 
lines the effect of the charging current must be taken into 
account by the formula 

Line Drop = Regulation Volts —EK, 

where 

and 

/= frequency in cycles per second. 

It is seen that the voltage due to the charging current is 
proportional to the Ime voltage E, and to the square of the 
number of miles, but is independent of the size or spacing 
of the conductors, within the assigned limit of accuracy. 
The constant K does not need to be used in the formula for 



in— TRANSMISSION LINE CHART 


9 


regulation, since the charging current is present at both no 
load and full load. 

In selecting the spacing point on the chart, one notes 
whether the frequency is 25, 50 or 60 cycles, and whether the 
conductor is of copper or aluminrun. The spacing points 
are the same for both solid wire and cable. When the ■wires 
of a three-phase line are not spaced at the corners of an 
equilateral triangle, but are at irregular distances a, 6, and c 
from each other,- as in Pigs. 5 and 6, the equivalent spacing 


s =‘^ahc 


should be used. 



j^... a — -jj« b ->j 

k- c .-J 

Tig. ’6. — ^Irregular Plat Spacing. 



1<— Sa J 

Fig. 7. — ^Regular Plat Spacing. 


With regular flat spacing, as in Pigs. 7 and 8, the equa- 
tion for the equivalent spacing becomes simply 


s=1.26a. 


It makes <jno difference whether the plane of the WTres 
with flat spacing is horizontal, vertical or inclined. 

The spacing of a two-phase line is the average distance 
between wires of the same phase. The distance between 
wires of different phases is not considered. 

The points marked on the resistance scale at the right 
of the chart are for cables at 20° C., assuming hard-drawn 
copper of a conducti-vity equal to 97.3% of the Annealed 
Copper Standard, and hard-drawn aluminum of 61% con- 
ductmty, and allowing an increase of 2% in resistance for 
the effect of spiraling of the wires in the cable. However, 
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these resistance points are placed on the chart for con- 
venience only, and are not essential. If other assumptions 
are made, or if other sizes of conductor are 
used, all that is needed is to find the resist- 
ance of the conductor per mile, and use the 
corresponding resistance point on the chart 
to find “ F.’’ For instance, the resistance of 
Fufc lish standard conductors could be marked 
on the right-hand scale in red ink. 

One of the most common problems in 
estimating new projects is to determine the 
size of wire needed for any given value of 
regulation, and the chart will be found especially applicable 
to this work. “F” is first found from the equation, 

Y Per cent Pegulation X-E® 

100,000 Kv-a. Xl 

Then lay a straightedge throu^ « 17” and the point for the 
spacing to be used, and the nearest size of conductor can be 
seen, at a glance, on the resistance scale at the right. 

The chart is quite as useful for finding the voltage drop, 
or required size of conductor, for distribution lines a few 
hundred feet long as it is for transnaission lines many miles 
long. 

PROBLEM A 

Find, by meaxis of the chart, the regulation and line drop for the 
follo^nng set of conditions: 

Length of line 100 milfifl- 

Spacing 8 feet. 

Conductor No. 3 copper cable. 

Load (measured at receiver end), 3000 kv-a., 

66,000 volts between conductors, 90% P.F., 
tbxee-i>hase, 60 cycles. 

Lay a straightedge from the 8-foot spacii^ point (60 cycles, copper 
conductor) to the point on the resistance scale for No. 3 copper cable. 
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It is found to cross the 90% P.F. line at the reading 1.350. Then, by the 
formula on the chart, 


Per Cent Regulation = 


100,000 X 3000 X 100 X 1 . 350 

66,000 X 66,000 


=9.30%. 


The calculated value of the regulation of this line is 9.46% (Chap. 
VI, Prob. 2), so that the error involved in using the chart is less than 
^ of 1% of line voltage. 

The per cent line drop, according to the chart, is 


9.30-2.16=7.14%. 


As the calculated value is 7.15% (Chap. VI, Prob. 2), the error 
from the chart is less than ^ of 1% of the line voltage. 


PROBLEM B 

To find the size of copper required to give approximately 10% voltage 
drop in the following case: 

Length of line 3 miles. 

Flat spacing as in Fig. 7. Wires 2 feet apart. 

Load (measured at receiver ^d), 250 kv-a., 2200 
volts between conductors, 85% P.F., three-phase, 

60 cycles. 

First, find V from the formula on the chart. 

10 X 2200X2200 
^ “100,000X250 X 3 

The equivalent spacing is 1.26X2, or 2.52 feet. The proper spacing 
point will therefore be just below the spacing point for 2| feet, copper 
conductor, 60 cycles. Lay a straightedge from this point to the reading 
0.64 on the line for 85% P.F. and it cuts the resistance scale at 0.36 ohm 
per mile. The nearest size of copper is seen to be No. OOO. 


PROBLEM C 

Find the voltage drop of the following two-phase line: 


Length of line. 80 miles. 

Spacing 10 feet. 

Conductor. No. 00 aluuninum cable, 

steel reinforced- 


Load (measured at receiver end), 

15,000 kv-a., 100,000 volts 
between conductors, 95% P.F,, 
two-phase, 25 cycles- 
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Lading a straightedge across the chart from the 10-foot spacing point 
for 25 C 3 'cles and aluminum conductor, to the resistance pomt for No. 
00 aluminum, the value of V for 95% P.F. is found to be 0 755. Then 
the Ime drop, in volts, is equal to 

^””X^°-7^^°-^^ -100.000X6XO 02X0 02 

lUUjUUU 

= 9060-240 
= 8820 volts. 

The calculated value is 8820 volts (Chap. VI, Prob 1). 


PROBLEM D 


Fmd the regulation of the following single-phase line 


Length of Ime 15 miles 

Spacing 3 feet. 

Conductor No. 0 copper wire. 


Load (at receiver end), 300 kv-a., 50% 
P.F., 11,000 volts between conductors, 
single-phase, 60 cycles. 


From the chart, V=0 845. 

mi. .ir -r, 1 x- 100,000X300X15 X 2X0 845 ^ 

Therefor. Eeguletem ' 11,000X11.000 ® 


[Celeeleted value, 6 40% <Chep. IT, Prob. 6). 
0 11% of line voltage] 


PROBLEM E 


Error from chart, 


Find the kv-a., which can be delivered at the end of the following line, 
with 8% regulation: 

Lmigth of line 

Spacmg 

Conductor 

Character of load (at receiver 
end), 88,000 volts between 
conductors, 85% P F., three- 
phase, 26 cycles. 

Equivalent pacing a =8X1. 26 =10 08 feet. 

F=0 765. 

jj. 8X88,000X88,000 
100,000X0.765X75 
= 10,900. 


75 mUes. 

8 feet, regular fiat spacing. 
No. 00 aluminum cable. 
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PROBLEMS, CHAPTER m 
(Transmission Line Chart) 

1. Find the size of copper cable which is needed to deliver 200 kv-a. 
at a distance of 3 miles with 10% drop or less. 

Spacing of line 2 feet. 

Character of load (at receiver end), 2200 volts 
between conductors, 80% P F., thi*ee-pha&e, 00 
cycles. 

No. O.J 

2 Assuming No 0 copper cable for the previous problem, find the 
volts drop in the line. 

[Ans. 219 volts. Calculated, 222 volts (Chap. IV., Prob. 1). 

Error 0 14% of line voltage.] 

3. Find the size of copper required for a drop of 6% or less in the 
followmg case: 

Length of line 5000 feet. 

Spacing IS inches. 

Load (at receiver end), 75 kw. (79 kv-a.), 

95% P.P., 2000 volts between conduc- 
tors, single-phase, 60 cycles. 

[Arts. No. 4 copper.] 

4 Assuming No, 4 copper wire of 1 312 ohms per mile, find the per cent 
line drop and the supply voltage. 

[Atw?. 5.43%, 2109 volts between conductors, calculated 5 43%, 
2109 volts (Chap. IV., Prob. 3).] 

5. Find the required size of copper for 9% regulation in the following 
case: 

h&ngth. of line 25 miles. 

Spacing ... . 3 feet. 

Load, (at receiver end), 2500 kv-a , 20,000 volts 
between conductors, 60% P.F , three-phase, 25 
cydi^. 

[Ans. No 0 copper ] 

6. Assumin^i^o. 0 copper wire of 0 . 520 ohm per mile, find the per cent 
regulation. 

[Ans. 8 33%, calculated 8 61% (Chap. IV., Prob. 5). Error 
0 18% of line voltage.] 
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7. Find the per cent regulation and the voltage drop of the following 
line: 

liCngth of line 75 miles. 

Spacing, 8 feet, regular fiat spacing 

Conductor . No 00 aluminum cable 

Load (at receiver end), 10,000 
kv-a , 88,000 volts between 

conductors, 85% P P , three- 
phase, 25 cycles. 

[Ans 7 29% Reg’n , 7 08% line drop, calc 7 37% Rea'n., 7 15% 
Ime drop (Chap V, Prob 3) ] 

8. Find the kv-a winch can be delivered at the end of the following 
line, with 10% regulation, at 75% and at 90% P F.. 

Length of line . 100 miles 

Spacing.. .. . . 10 feet 

Conductor . . . No 0000 aluminum cable. 

Receiver voltage.. . 110,000 volts between con- 

ductors, three-phase, 00 
cycles 

[Ans 14,500 kv-a., 16,400 kv-a ] 
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FORMULAS FOR SHORT LINES 

The effect of capacitance, or electrostatic capacity, is 
inappreciable with short lines as it amounts to onlyi^ of l9o 
for a line about 20 miles long. Thus distribution lines and 
many short transmission lines can be quite accurately cal- 
culated without considering the line capacitance at all. 
The formulas in Tables 1, 2 and 3 enable one to solve many 
problems connected with such lines. 

The formulas are divided into three groups, those in 
Table 1 being used when all the particulars describing the 
load, such as kv-a., voltage and power factor, are specified 
at the receiver end. Table 2 is used when these particulars 
are specified at the supply end, and Table 3 when part are 
specified at each end. 

One first finds the quantities P and Q or P, and Qs. 
These are the values of in-phase ciurent, and reactive or 
quadrature current, per conductor, at the point where the 
conditions are specified. 

The next step is to find the quantities A and B, or F and 
H. One is then ready to find the value of any of the 
quantities, whose formulas are given in the tables. It 
should be remembered that each of these quantities may be 
determined independently of all the others. Thus it is not 
necessary to work out the first six equations in order to 
obtain the value of the seventh, since the seventh, like any 
of the others, may be calculated directly. 

In Fig. 9, the same vector diagram is shown as in Fig. 2, 
and, in addition, the components of the various quantities 
in phase with E and in quadrature wdth it are shown. The 
qua,ntities represented by the letters are defined in Table 1. 

15 
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From Fig. 9 is obtained directly the equation for the supply 
voltage, Ei, as follows: 


E,^ = (E^PR-QX)^ + {PX+QRY, 


, R2 

approximately. 


when B is small compared with A. It is to be remembered 
that Q is a negative quantity when the current is lagging. 

It is better not to multiply E by cos 6, but to do all the 
calculating on the drop itself since it is a relatively small 


QX 



Fig. 9 — ^Vector Diagram of Short Transmission Line with Lagging Current, 
Conditions Given at Receiver Dnd. 


quantity. Thus, one is handling large quantities with 
liability of large errors, if one uses the equation: 

E,^ = {E cos 0 +Ii 2 ) 2 +(B sin d+IX)\ 


On the other hand, one is calculating only small quanti- 
ties, with correspondingly small errors, if one uses the fol- 
lowing form of equation: 


E,^E+PR-QX 


(JPX+QRY 

2{E+PR-QXy 


It is also an advantage to engineers who are accustomed 
to ^de rule work, to use rectangular co-ordinates, and to 
avoid as much as posable the use of angles and trigono- 
metrical tables. 


IV— FORMULAS FOR SHORT LINES 


17 


The derivation of the formiila for kw. at the supply end 
is given in Chapter XV. 

When all the conditions are given at the supply end, the 
vector diagram is as shown in Fig. 10. From this diagram 
is obtained the equation: 

= {E, -PJt + {P^+Q^)\ 

E = — F approximately, 

Zr 

when H is small compared with F. Q, is a negative quan- 
tity when the cuirent is lagging. 



Fig. 10. — ^Vector Diagram of Short Line with Lagging Current, Conditions 

Given at Supply End. 

If some of the conditions of the transmission line prob- 
lem are given at the receiver end, and some at the supply 
end, it is possible, but not very desirable, to obtain a solu- 
tion by a “trial and error” method. That is, one can 
assume values for the unknown conditions at the receiver 
end, and solve the problem by the formulas of Table 1. 
The results will probably not agree with the conditions 
which were specified at the supply end, and so the assump- 
tions must be altered and the calculation gone over again. 
This must be repeated imtil a satisfactory result is obtained. 

It is worth while having a direct formula to give the 
correct solution the first time the calculation is performed. 
Such a formula is given in Table 3 for the case where the 
voltage, Ea, is given at the supply end, and the load kv-a. 
and power factor are given at the receiver end. 
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]From the vector diagram, Fig. 9, we have, as in deriving 
the formulas of Table 1, 

= (F? +PR - QX)2 + (PX +QR)^. 

Multiplying by E^, 

= (E^ +PER - QEXy + (JPEX -\-QER)^ 

where PE and QE, and therefore L and M, are known from 
the specified load kv-a. and power factor, but where E 
itself is unknown. 

Then 

E^+E\2L^ -E.^) +L* =0. 

The solution of this quadratic equation is: 

BP - IP +WEs^ - 4EJ^IP - 4MS 

as in Table 3. 

The convergent series given in the same table is obtained 
by expanding the expression for E by means of the binomial 
or multinomial theorem. 

PROBLEM A (TABLE 1) 

Find the regulation in the following case: 

Length of Une .15 miles 

Spacing .... . 3 feet 

Conductor. ... . No. O'copper wire 

Load (at receiver end), 500 kv-a , 11,000 
volts between conductors, 75% P.F. 
la^mg, three-phase, 60 cycles. 

From the tables in Part III, 

Voltage to neutral (star voltage) =■ 6351 volts. 


B=0 5338 X 15 = 

8.01 

X=0 686 X 15 = 

10.29 

p 1000X500X0 75 

19.70 

3X6351 “ 
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lOOOXoOOXO 6614 


= -17 35 


^ 3X6351 

4 = 6351+19 70X 8 01+17 35X10 29 
= 6351+158+179 = 6688 
R=19 70X10 29-17 35 X8 01 
= 203-139 = 64 
Voltage at supply end 

= 6688 - 


64X64 


2X6688 
= 6688 volts to neutral 
Regulation = 6688 — 6351 

= 337 volts to neutral. 
Regulation in volts bet-vreen conductors 
= 337X1 732 = 584 
100X337 


Per cent regulation 


6351 

= 6 31 per cent of receiver voltage. 


PROBLEM S (TABLE 1) 

Find the regulation for the same conditions as in Problem A, except 
including at each end of the Ime a bank of transformers rated at 500 Irv’-a., 
11,000 to 2200 volts, with 1% resistance drop and 5% reactance drop. 
Refer aU transformer characteristics to the 11, (MX) volt side. 

Voltage to neutral =6351 volts. 

Full load current of transformer bank, assumed star connected. 


1000X500 

3X6351 


26 25 amperes. 


Resistance drop to neutral, r;r;rX6351 = 63 5 volts at each end. 

100 


Reactance drop to neutral, rTrjrX 6361 =317 5 volts at each end. 

lUU 


Resistance ohms to neutral. 
Reactance ohms to neutral, 


63 5 _ 

26 25 ' 

317 6 

26 25 ' 


= 2.42 ohms at each end. 

= 12 10 ohms at each end. 



20 


TRANSMISSION LINE FORMULAS 


The above calculation applies whether the transformers are star or 
delta connected, but the values are virtual and not actual in the case of 
delta connected transformers. 

22= 8 01+2 42+2 42=12 85 

X=10 29+12 10+12 10 = 34.49 

A = 6351+19 70X12 85+17 35X34 49 

= 6351+253+598 = 7202 

5=19.70X34.49-17 35X12 85 



PROBLEM C (TABLE 2) 

Calculate the volts drop for the following case, where all the conditions 
are specified at the supply, or generator, end of the hne. 


Length of line 10 miles. 

Spacing 3 feet. 

Conductor No. 2 copper wire. 


Quantities measured at supply end: 600 
kv-a , 6600 volts between conductors, 
80% P.F., lagging, three-phase, 60 
cyd^. 

From the tables. 

Voltage to neutral =3811 

22=0.8483X10=8 483 
X‘=0. 714X10=7. 14 

„ _ 1000X600 X0 80 , 

* 3X3811 



IV— FORMULAS FOR SHORT LINES 


21 


^ 1000X600X0 60 „ 

35^1 ° 

F=3811-42 0XS.4S3-31 5X7 
= 3811 — 356 —225 == 3230 


14 


H 42.0X7 14+31.5X8 48 

= - 300+267=— 33 


Voltage at receiver end 
= 3230 


33X33 

^2X3230 


= 3230 volts to neutral. 


Voltage drop 
Voltage drop 

Per cent drop 


= 3811-3230 
= 581 volts to neutial. 

= 5S1XV3 

= 1006 volts between conductors 

100X581 

3230 

= 18 0 per cent of receiver voltage. 


PROBLEM D (TABLE 3) 

Find the voltage at the receiver end m the following case: 


Length of line ... 20 miles. 

Conductor . . No. 0000 copper cable. 

Spacing ... ... 5 feet. 


Voltage at supply, or generator end, 

33,000 volts between conductors. 

Load at receiver end, 80D0 kv-n. at 
75% P F., lagging. 3-phase, 60 cycle. 

=33,000-5-1 732=19,050 volts to neutral, from table 27. 

22=0 2724X20=5 45 ohms, from Table 14. 

X=0 698X20 = 13 96 ohms, from Table 19. 


PE 


i2«0><8|2><^ = 2,000,000 watts. 
1000 X8000 X0 6614 


QE= 


3 


1,764,000 v-a. 
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L*== 10,900,000+24,620,000= 35,520,000 
= 27,920,000 — 9,620,000 = 18,300,000 
E=>=1 S15X10*-0 355X10*+! 405X10* 

= 2 865X10* 

E= 16,930 volts to neutral. 

16,930X1 732 = 29,300 volts between conductors. 

By series, 

i?= 19,050 [1-0 0973 — 0 0095- 0 0013 — 0 0004 
-0 0004- 0 0001- . I 
= 19,050—2080=16,970 volts to neutral. 

16,970X1 732=29,400 volts between conductors at receiver end. 


PROBLEMS, CHAPTER IV 
(Fobmulas fob Shobt Lines, TAunns 1, 2 and 3) 

1. Find the voltage drop in the following case 

Length of line ... 3 miles 

Spacing .... 2 feet 

Conductor No. 0 copper cable. 

Load (at receiver end), 200 kv-a., 2200 
volts between conductors, 80% P F , 
three-phase, 60 cycles (Prob. 2, 

Chap. Ill ) 

[Am. 222 volts ] 

2. Find (a) the P F. at the supply end; 

(6) the jjer cent efficiency of the line, for the ease in Prob. 1. 

[Ans. (a) 78 8% P.F (6) 92 2% efficiency.] 

3 Find the supply voltage in the following case' 

Length of line . 5000 feet 

Spacing ..... 18 mches. 

Conductor, No. 4 copper wire of 1 312 ohms 
per mile. 

Load (at receiver end), 75 kw, 2000 volts 
between conductors, 95% P.F., single-phase, 

60 cycles. (Prob 4, Chap III.) 


[Am. 2109 volts.] 
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4. Find the volts drop and the watts loss, in the following hne: 


Length of line 
Spacing 
Conductor 
Two-phase, 25 cycles 
Kv-a at supply end . 

Lme volts at supply end . 

P.F at supply end. 

[Aiis. 5990 V 


20 miles 
5 feet. 

Ko 1 aluminum cable. 

10,000 

35,000. 

soro 

between conductois, 1790 kw. 


5 Fmd the per cent regulation of the following line. 

Length of hne . . . . 25 miles. 

Spacing ... .... 3 feet. 

Conductor, ISTo 0 copper wire of O 520 ohm per 
mile 

Load (at receiver end), 2500 kv-a , 20,000 volts 
between conductors, 60% ^ three-phase, 

25 cJyclcs (Prob. 6, Chap III.) 

[JLwa. S 51%.l 


6. Fmd the regulation of the following single-phase line: 

Length of line . . . . 15 miles. 

Spacing . . 3 feet. 

Conductor . . . IsTo. O copper wire. 

Load, at receiver end, 300 kv-a , 11,000 
volts, 50% P F., lagging, smgle-phase, 

60 cycles 

(Same as Prob. L>, Chap. III.) 


[Ans 6 40%.] 



CHAPTER V 
K FORMULAS 

When a transmission line is more than 20 miles long, 
the formtilas for short lines given in Chapter IV are no 
longer accurate, and other formulas must be used, which 
will take into account the capacitance of the line. Such 
formtilas, called K formulas, will be foimd in Tables 4 and 5, 
Part III. 

The K. formulas will be found very similar to those of 
the last chapter, and while they require more arithmetical 
work, they should not be foimd any more diflScult to under- 
stand. No more values of line constants need to be looked 
up for theX formulas than for the “Short Line” formulas. 
The capacitance of the line does not enter into the calcula- 
tions, since its effect is allowed for by means of the constant 
K which is the same, at any one frequency, for all values of 
line capacitance. 

The formulas of this chapter assume that the leakage 
current is zero; that is, that no power is lost from leakage 
over the insulators or from corona. This is a correct 
assumption to make for all voltages except the very highest 
in use. If it is dedred to make allowance for corona loss, 
the f^ygmulas of Chapter VI ^ould be used. 

The accuracy of the K formulas is given as approxi- 
mately -jV of 1% of line voltage for lines up to 100 miles 
long and with regulation up to 20%, and as -i- of 1% for 
lines up to 200 miles long, and with the same regulation. 
These limits>are close enough for commercial work, so that 
the K formulas can be recommended for «-ll ordinary 
engineering calculations of the performance of long power 
tr ansm ission lines under steady conditions, where the 

24 
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corona loss is small. The accuracy of the electrical calcu- 
lations will be better than the accuracy w'ith which the 
resistance and the physical dimensions of the line are gen- 
erally known. 

The K formulas are well adapted to the solution of long 
transmission lines w-hich have substations at mtermediate 
points between the ends. In such cases each section of the 
line between substations must be calculated separately, 
beginning w'ith the end w’-here conditions are known. The 
first step is to find the voltage, in-phase current and quadra- 
ture current at the first substation. The load taken by the 
substation, expressed as in-phase current and quadrature 
current, must be added to, or subtracted from, the above 
values of current. When conditions are given at the 
receiver end and one is proceeding toward the supply end, 
the substation load must be added to the line load. When 
conditions are given at the supply end, the substation load 
must be subtracted from the line load, since one is proceed- 
ing away from the supply. Having thus fotmd complete 
conditions at one end of the second section of the line, the 
calculation of this section may be taken up in the same way 
as for the first section. In this manner the entire line may 
be calculated and the voltage and current at the unknown 
end may be determined. 

Examples are worked out, which will give a clear idea of 
the manner in which the K formulas are used. Many other 
such examples have been calculated and carefully com- 
pared with the fundamental formulas. As these Kcamples 
have covered the range of practicable transmission lines, a 
sound basis is afforded for the estimate of the accuracy of 
the K formulas and for the statement that they are suffi- 
ciently reliable for aU ordinary engineering pm^oses in the 
calculation of electric power transmission lines, up to 
2C)0'miles in length. 

If it is desired to take the step-up and step-down trans- 
formers into account, they should be treated as separate 
short sections of the transmission line. 
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PROBLEM A (TABLE 4) 

Find by the K formulas the line drop m the followmg case 


Length of line 
Spacing .... 
Conductor 


100 miles. 

8 feet 

. No 3 copper cable. 


Load (at receiver end), 3000 kv-a , 

66,000 volts between conductors, 

90% P F , laggmg, three-phase, 60 
cycles. 

(Prob A, Chap III). 

.©=star voltage 
= 66,000-5-1 732= 38,110. 
fe=l 091X100 = 109 1. 

A:=0 840X100 = 84 0. 

JS:=6X0 06X0 06 = 0 0216. 

„ 1000X 3000 X0 90 
^ 3X38,110 

^ 1000X3000X0 4359 

^ ' 3X38,110 “ ^ 

A = 38,110-38,110X0.0216 

H-23 63X109 1 (1-0 0144)-l-ll 44X84 0 (1-0 0036) 
=40,790 volts. 

„ 38,110X109 1X0 0216 

-1-23 63X84 0 (1-0 0036)-11 44X109 1 (1-0.0144) 

= 1820 volts. 

Supply voltage =40,790-H ^^^^^^ =40,830 

Lme drop =2720 volts to neutral 

=7.13% of receiver voltage. 

By the fundamental formulas, using the same hne constants, the line 
drop is 7.15% (Prob. 2, Chap. VI). The discrepancy is 0 02% of 
receiver voltage. 
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PROBLEM B (TABLE 4} 

Fuad, by the K fomuilas, the voltage at the supply end of the follow- 
ing line: 

Total length of line 250 miles. 

Spacing 15 feet, effective. 

Conductor 300,000 e.m. cop- 

per cable. 

Load at receiver end of line, 10,000 kv-a., 

90% P.F., lagging, 110,000 volts bet- 
ween conductors, three-phase, 60 
cycles. 

Load taken by a substation at the middle 
of the line, 125 nules from either end, 

5000 kv-a. at the line voltage and at 
86% P.F. lagging. (Prob. B, Chap. 

VI.) 


Solvtwn of first section of line, 125 miles long. 
E=a\iOic voltage at receiver end 
= 1 10,000 -v/3 = 63,510. 
jB=0 1929X125 = 24.1 ohms. 

X=0 804X125=100-5 ohms. 


iv:=6X0 075X0 075= 0.03375. 




1000X10,000X0 9 
3X63,610 

1000X10,000X 0 4359 


= 4-47 . 3 amp^es. 


-22 9 amperes. 


3X63,510 

A=63,510-2140-l-1110-|-2290=64770 volts. 
5=510-4-4730- 540=4700 volts. 


0=4:7 3—1 64-0.2—0 1=4-45 8 amperes. 
5=0 4—22 9-1-0.8-4-42.2= -4-20 5 amperes. 
5* 

A 4- ^ =5i= 64,940 volts to neutral. 

64,940 X a/s = 112,480 volts between conductors. 

^ ^ AC7-1-B5 , - 

In-phase current = = = 4-47 2 amperes. 

El 
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Reactive current = 


AD-BC 

iSi 


= +17 0 amperes (leading). 


Solution of second section of line. 
Conditions at middle of line: 


JE?i= 64,940 volts. 

In-phase current of substation load 


1000X 6000X0 85 
3X64,940 


= +21 8 


amjieres. 


Reactive current of substation load 


1000X6000X 0 6268 


-13 6 ampei'cs. 


3X 64,940 
Pi=+47 2+21 8= +69 0 amperes. 
Qi=+17 0—13 5=+ 3 5 amperes. 

Then, by the K formulas, 

Ai= 64,940-2190+1630— 350= 64,030 volts. 
J?i= +520+6900-80= 7340 volts. 


^ Pi® 

A 1 + 2 ^ =64,450 volts to neutral. 

64,450X\/3= 111,630 volts between conductors at the supply end 
of the line 

(By the fundamental formulas, supply voltage = 111,800 line volts 
(Prob B, Chap. VI.) 

PROBLEMS, CHAPTER V 
(jK Forstoxas, Tablus 4 and 6) 

1. Fmd, by means of the K. formulas, the voltage drop from the supply 
end to the receiver end (the line drop) of the foUowmg line: 

Length of line 200 nules 


Spacing 9 feet. 

Conductor . No. 000 aluminum cable. 


Load (at receiver end), 4600 kv-a., 

66,000 volts between conduct- 
ors, 80% P.P., three-phase, 60 
cycles. 

Ans. 6650 volts between conductors. 
[By the fimdamental formulas, 6700 volts.] 
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2 Find the regulaticni of the line in Prob A, Chap. V. [See Prob 
A, Chap. Ill ] 

Ans 9.45fJ;, 

[By the fundamental foirnulas 9 46^ (Chap VI, Prob. 2) Error 
0 01% of line voltage ] 

3 Find the per cent regulation and voltage drop of the following line 

Length of line 75 miles. 

Spacing, S teet, regular flat spacing. 

Conductor . ... No. 00 aluminum cable 

Load (at receiver end), 10,000 
kv-a , 88,000 line volts, 85% 

P.F., three-phase, 25 cycles. 

(Prob. 7, Chap III.) 

Ans, 7 37% reg’n, 7 15% drop. 

4 Find, by the K formulas, the per cent voltage drop, the per cent 
loss, and the power factor at the supply end of the followmg line: 

Length of line 100 miles. 

Spacing 6 feet. 

Conductor .... . . No. 0000 copper wire. 

Take r=0 267, rc = 0 727, 6 = 6 03X10“®. 

Load (at receiver end), 100 amperes 
per wire, 60,000 line volts, 95% 

P F , three-phase, 60 cycles. [Prob- 
lem of Pender and Thomson, Proc 
A. I, E. E f July, 1911.] 

Ans. 13 09% drop, 7 61% loss, 96 5S% P.F. 

[Calc, by series, 13 03% drop, 7 60% loss, 96 66% P.F. (Prob- 4, 
Chap VI) ] 

6. Find, by the K formulas, the kv-a. and voltage at the supply end, 
and the efficiency of the followmg line* 

Length of line 250 km =155.34 miles. 

Spacing . . 6 feet. 

Conductor . .No 000 copper wire 

Total resistance of one conductor.. 51 5 ohms. 

Total reactance of one conductor. . 48 0 ohms. 

Load (at receiver end), 15,000 kv-a , 

86,600 Ime volts, 80% P.F., three- 
phase, 25 cycles. 
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[See page 91, “Application of Hyperbolic Functions,” by A. E. Eieu- 
nelly. University of London Press, 1912 ] 

Ans. 15,130 kv-a., 97,920 bne volts, 89.68%. 
[By series, 15,153 kv-a , 97,934 volts, 89 67%.] 


6. Find (a) star voltage at supply end at full load, 

(6) staj voltage at supply end at no load, 

(c) regulation volts (star) at the supply end, 

(d) amperes per wire at supply end at full load, 

(e) povrer factor at supply end at full load, 

(f) loss in line at full load, 

(ff) efficiency of the tranmission line, 

(h) amperes per wire at supply end at no load (%.e., the 
“charging current”)* 

(t) power factor at supply end at no load, 

(j) loss in line at no load, 


for the following line: 

ijength of line 300 miles. 

Spacing 10 feet. 

Conductor, No. 000 copper cable of 0 330 ohm 
per nule. 

Load (at receiver end), 18,000 kv-a , 104,000 line 
volts, 90% P F., three-phase, 60 cycles. 

[Prob. A, page 2, G. JS. Review Supplement, May, 1910.] 


Answera- 


By K Formulas 


(o) 69,820 
(6) 48,610 

(c) 21,210 

(d) 97.0 

(e) 92.2 

if) 2530 

(g) 86.5 

Qi) 91.3 
(0 7.1 

O’) 940 


By Fundamental 
Formulas 

69,670 volts 
48,950 volts 
20,720 volts 
96.59 amperes 
92.35% 

2440 kw. 
86.90% 

90.97 amperes 
6 47% 

860 kw. 


Error in Per Cent 
of Pull Voltage 
or Current 

0 3% 

0 6 % 

0 9% 

0.5% 

0 2 % 

0 . 6 % 

0 5% 

0 5% 

0 7% 

0.5% 
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7. Find, by the K formulas, the voltage at the supply end of the follow- 
ing line: 

Total length of hue . 400 miles. 

Spacing 15 feet. 

Conductor No 0000 copper cable of 

0.2693 ohm per mile. 

Load at receiver end of line, 5000 
kv-a , S5% P.F. (lagging), 110,000 
line volts, three-phase, 60 cycles. 

Load taken by a substation at the middle of the line, 200 miles from 
either end, 2500 kv-a., at the line voltage and at 90^ P.F. (lagging). 

Ans. 89,720 line volts. 
[By the convergent series, 90,190 volts (Prob. 6, Chap. VI). Error 
0 5%.] 



CHAPTER VI 


CONVERGENT SERIES 

The complete mathematical solution of the problem of 
calculating the electrical behavior of a transmission line 
in the steady state involves hyperbolic sines and cosines of 
complex quantities. Complex quantities are those which 
consist of a real and an imaginary term. The hyperbohc 
formulas are given, with their derivation, in Chapter XIV. 
By means of them can be calculated the voltage and ctnrent 
at any point, and hence the operating characteristics, of a 
transmission line in the steady state. The hyperbolic 
formulas take exact account of the fact that all the electrical 
properties of the line, such as resistance, capacitance, etc., 
are uniformly distributed along it. 

The results of the hyperbolic theory constitute the cri- 
terion by which all approximate transmission line calcula- 
tions must be judged. In order to estimate the accuracy 
and range of an approximate formula, problems should be 
selected referring to lines of different lengths. These prob- 
lems should be solved by both the approximate and the 
hyperbolic methods and so the percentage error of the 
approximate method can be determined for different classes 
of problems. 

The hyperbolic sines and cosines of complex quantities, 
and the transmission line formulas involving them, can be 
expanded m the form of convergent series,* and these series 

* Prof. T. R. Rosebruglx, A-pph^ Sdenee MagasAne, Umverarty of Toronto, 
Mar , 1909, Prof T. E. Rosebrugh, Tram. A, I. E E, 1909, p. 687; J F. H. 
Douglas, Electrical "World, Apnl 28, 1910; Dr. C. P. Steininotz, Eleotncal 
"World, June 23, 1910, lir. C. P. Stemmetz, "Engmeeruig ]Vlath.cixiatios," 
Chap. V, 1911. 
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are very convergent and convenient for commercial fre- 
quencies such as 60 cycles or less, and are adaptable to slide 
rule work. They do not involve hj’perbolic or trigono- 
metrical functions, and so do not require any mathematical 
tables, the only operations being multiplication and addi- 
tion. The series can be carried to any accimacy desired by 
merely usmg enough of the terms, which diminish verj” 
rapidly when commercial frequencies are involved. 

The fundamental formulas as expressed by convergent 
series have been rearranged, and some new convergent 
series have been added, to make the formulas in tables 
6, 7 and 8 directly applicable to the exact solution of 
all the problems treated by the K formulas. Exactly the 
same final formulas ixx A, B, C, D, etc., are used with the 
convergent senes as with the K formulas. 

Unlike the K formulas, w'hich are expressed in the 
simplest algebraical form, the convergent series involve 
the use of complex numbers, that is, numbers containing 
the well-known “j” terms. No difficulty should be experi- 
enced on this account, however, as the rules for using com- 
plex quantities are quite straightforward, and even one who 
has never worked with them should be able to make use of 
the formulas described in this chapter by closely following 
the instructions. 

Each of the complex quantities, iP+jQ), 

Z = (r+jx)l,* Y = (g+jb)l, etc., is composed of two parts, 
the first, a so-called “real” term, and the second, a j term. 
In adding complex numbers, the j terms must be kept 
separate from the others. Thus 

4:+j 5 added to 7+j 3 = ll+j 8. 

In multiplying two complex quantities, the simple rules 

* The notation Z = (r+ja.)Z, etc , is used in accordance with the resolution 
adopted by the International Electrotechnical Commission m Turin, Sept., 
1911 , and the Standardizatioii Rules of the American Institute of Electrical 
Engineers. 
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of ordinaxy algebra axe followed, and it must be remem- 
bered that 

j Xj =3^ 

= -l, 

and, therefore, 

-ixi = +i 

3^ = +l 
js = etc. 


Thus (4 +j 5) X (7 +j 3) is worked out as follows : 

4-l-i 5 
7+i3 
-1-28 -hi 35 
-15 -hi 12 
-hlS+j 47. 

In some kinds of problems fractions will be encountered 
whose denominators axe complex quantities, or, what 
amounts to the same thing, division by complex quantities 
must be performed. A fraction with a complex denomi- 
nator can be changed directly into a plain complex quantity 
by multiplying both numerator and denominator by the 
conjugate of the denominator, that is, a quantity which is 
the same except that j is replaced by —j. This process is 
called “rationalizing the denominator^' and it obviously 
does not change the value of the fraction. 

As an example, consider the fraction 

8 -hi 5 
3-hir 
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Multiplying above and below by the conjugate of the denom- 
inator, 3 —j 7, 


8+j5 
3-i7 
+24c+j 15 
+35 56 

+59 -j 41 


3+j7 

3-j7 

+ 9+J21 
+49 -j 21 

+58 


the fraction becomes 


59-i41 

58 


1.02-y0.71. 


This is in a workable form and can be added to other quan- 
tities- 

In using the convergent series, E, P, and Q are the same 
as used with the K formulas, E being expressed as a real 
number without any j term. Z is equal to (r +jx)l, where 
r and x are taken from Tables 14 to 19, Part III, for resist- 
ance and reactance per mile. Y is equal to (g+jb)!- The 
leakage conductance, g, per mile, should be estimated from 
the most suitable data available, giving insulator leak- 
age and corona loss under conditions similar to those of the 
line considered. The capacity susceptance, 6, per mUe, 
will be found in Tables 20 to 23, Part III. 

After Y and Z have been written down in the form of 
complex numbers, the product YZ should be foimd, as 
described above for the multiplication of complex quan- 
tities. Prom this are obtained 


YZ YZ 
2 ’ 4 ’ 


and 


YZ 
6 ’ 


each expressed as a complex number of a single real term 
and a single j term. Multiplying the last two together 

gives ^ from which ^ ^ a a Doay be written down. 
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In most cases no more terms need to be calculated, even 
for very accurate work, but this is to be determined while 
doing the work, as one usually figures out the terms of these 
series until they become too small to be considered when 

- YZ 
added to 

By addition of terms obtained above, the values of 


YZ 

2 


^ 2 - 3-4 


fete. 


and 


YZ 
2 3 




2-3-4-5 


-etc. 


are obtained, each as a complex number of two terms. 

/YZ \ 

Multiply E by the value found for -f etc. ) and add 

it to E. Multiply (P+jQ) by Z, or (r+jx)l, and by the 

value of (P+ 3 Q)Z!. The above 

quantities are added together to give A +jB, the sum of all 
the real parts being equal to A, and the sum of all the j 
terms being equal to B. 

Similarly, C -f jD is found by adding 

(P+jQh (P+iQ)(^+etc.), EY, and ^y(|^+etc.). 


These values of .4, B, etc., are inserted in equations 1 to 
23 given with the K formulas, in exactly the same way as 
the values of .4, B, etc., found according to the second page 
of Table 4. Each step of the above procedure is shown in 
the examples in this chapter. 

The use of Table 7 is the same as that of Table 6 described 
above. 


PROBLEM A (TABLE 6) 

Find the voltage drop, by means of the convergent series, for the fol- 
lowing line: 

Length of Ime 200 mzles. 

Conductor 260,000 c. m. 

copper cable. 

13 feet, effective. 


Spacing 



VI— CONVERGENT SERIES 


3 


Load, at receiver end, 14,000 kv-a , 1 10,000 
line volts, S0% P F. lagging, three-phase, 
60 cycles. 

rl—O 2309X200 = 46 2 ohms. 


a;Z=0 798 X200 = 159 6 ohms 
6Z=5 35X10-«X200 = 0 001070 mho. 
2^=46 2+j 159 6 

+i0 001070 


YZ=-0 1708-1-jO 0494 
YZ 

=_0 0854-1-^0 0247 


YZ 

—=—0 0427+J 0.0123 

^=-0 0285+j 0 0082 
-HO 0012— j 0 0004 

— 0 0001— j 0.0004 




2-3 4 

2 


-HO 0011— j 0 0008 


= -0 0854-[-j0 0247 


(-^+etc 


)- 


0 0843-f-j0 0239 


y*z» 

2 3 4 5 

YZ 
2 3 


f 0 0002— j 0 0002 
-0 0286-Hj 0 0082 


( 




= — 0 0283-Hj0 0080 
= -H0 9717-1-J 0.0080 


63,510= star voltage at receiver end. 
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(^+eto^ = -0.0843+j 0 0239. 
F^^+etc.^ = -53504-J 1520 


„ 1000X14,000X 0 8 „ 

^ 3X6S:5iO 8 amperes. 


Q- 


1000X14,000X0 6 ^ . 

3X63;5iO ^ ^ 


^=46 2+/ 159 6 

^l+l^+etc.^ =0 9717+jO 0080 

+44 9+7 165 1 
— 1 3+7 0 4 

2 3 ■ —)=■ 


Y2f 

Zl 1+s^+eto 


< 


= +43 6+7*156 5 


P+7*0=+58.S-7' 44 1 


+6860+7 9140 
+2560—7* 1920 

(P+jQ)-^(l+|^+eto.^ = +9410+7 7220 
P= 63,610 

p(^^+eto.^ = -5360+7 1520 

A +7R = 67,570+7* 8740 
. B* 

A+ ^^ = 68,140 volts to neutral. 

B= 63,610 volts to neutral. 

Voltage Drop= 4630 volts to neutral. 

4630X 1 - 732 = 8020 volts between conductors. 
8020 

jjg-Q^X 100=7.29% of leceiver voltage. 
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PROBLEM B (TABLE 6) 

Find, by the convergent series, the voltage at the supply end of the 
following line: 

Total length of line 250 miles. 

Spacing 15 feet, effective. 

Conductor 300,000 c. m. 

copper cable. 

Load at receiver end of line, 10,000 kv-a., 

90% P.F. lading, 110,000 volts be- 
tween conductors, three-phase, 60 
cycles. 

Load taken by a substation at the middle of the line, 125 miles from 
either end, 5000 kv-^ , at the line voltage and at 85% P.F. lagging. (Prob. 
B, Chap. V.) 

SolvUon of first section of line. 

r=0 1929,x=0 804,6 = 5 31X10"®, 1=125 
.^=24 14-J 100.5 
r=+j0 000664 
YZ=--0 0667-1-jO 0160 

( YZ Y^Z* \ 

^+^^+etc.j 0 0332-|-i0 0079 

( YZ Y^Z* \ 

E= 4-63,510 

E^^-hetc.) = -2110-1-i 500 
(.P+fQ)Z= +ZU0+j 4200 
(P+jQ)Z^^-hetc) = -50 -j60 

A +jB = 64,790-l-i 4640 

JSi=A+ ^ == 64,960 volts to neutral. 

64,960 X\/3= 112,600 volts between conduitors. 
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In a similar manner, it is found that 

<74-ji>=+45 S+yi9 9 
AC+BD 


In-phase current, ■ 


A+^ 


■=+47 0 amperes. 


^ 2 ^ £(7 

Reactive current, 57" ® amperes (leadmg). 


A+ 


2A 


Solvixon of second section of hne; 

Conditions at middle of hne:— 

jEt=64,960 volts to neutral. 
In-phase current of substation load. 


1000X5000X0 85 
3X64,960 


i-21 8 amperes. 


Reactive current of substation load 


1000X5000X0 5268 
3X64,960 

Current of substation load =21 8— j 13 5 
Current of first section =47 0-f-j 16 6 


= — 13 5 amperes. 


Pi+iQi=68.8-|-i3.1 
.01= -1-64,960 

Pi(^-l-etc.^ = -2160-hj 510 

iPx+jQi)2= -1-1350+j 6980 

(Pi+i«i)Z^|^+etc) = -30 -i70 

A i+fBx= U, 120+3 7420 
B ® 

Ai-f- ^^ =64,550 volts to nfeutral. 

64,550X\/3= 11 1,800 volts between conductors at 
supply end. 
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PROBLEM C (TABLE 6) 

Find the equation for the supply voltage of two lines in parallel, where 
conditions are given at the receiver end, one of the lines being that of 
Problem A, and the other being a 125-mile section as in Pioblem B. For 
this problem, it is assumed that the longer line takes a circuitous route 
and that the two 4nes are paralleled at both ends and have the same sup- 
ply and receiver voltages. 

For the line in Problem A, 

where «i=l— 0 0S43+J 0 0239 

= +0 9157+jO 0239 
and i3x— +43 6+j 155.5 

Thea +0. 00167 0.00596 

Pl 

and ai6i=+0 00168— i 0.00542 

From Problem B. 

a2=l-0 0332+i0 0079 
= +0.9668+^0.0079 
p2~ +23.6+J 99.5 

Uj=.^ = -|-0 00226-j 0.00951 

Pi 

61 = -hO 00167 -j 0 00596 

*,+*3= +0 00393-j 0 01547 

/3o=-^ +15.4+J60.7 

aiei=+0.00168-j0 00542 

|«ses=+0 00227 -jO 00918 

otiei"l”ces«*= ”t"0 00395 “jf 0.01460 

«,= +0.947-^ 0.014 

£?.=JB(0 947+iO 014)4-1(15 44j60.7) 
for the t-wo hnes in parallel. 
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PROBLEMS, CHAPTER VI 
(Convergent Series, Tables 6, 7 and 8) 

1. Find, by the convergent series, the voltage drop of the following 
line: 

Length of hne SO miles. 

Spacing 10 feet. 

Conductor No. 00 aluminum cable, steel 

reinforced- 

Load (at receiver end), 15,000 
kv-a., 100,000 line volts, 96% 

P F,, two-phase, 25 cycles. 

(Prob. C, Chap. III.) 

Ans. 8820 volts between conductors, 

2. Find, by the convergent series, the per cent line drop and the 
per cent regulation of the following line: 

Length of line 100 miles. 

Spacing 8 feet. 

Conductor No. 3 copper cable. 

Load (at receiver end), 3000 kv-a, 

66,000 line volts, 90% P.F., three- 
phase, 60 cycles. (See Prob. A., 

Chap. Ill, and Prob. A, Chap V ) 

Ans. 7 15% drop, 9 46% reg'n. 

3. Find, by the convergent series, the kv-a. and voltage at the supply 
end, and the efficiency of the following hne: 


Length of line 250 km. = 155 . 34 miles. 

Spacing 6 feet. 

Conductor No. 000 copper wire. 


Total resistance of one conductor, 61.5 ohms. 

Total reactance of one conductor, 48 0 ohms. 

Total susceptance of one conductor, 3.724X10"^ mhos. 

Load (at receiver end), 15,000 kv-a , 86,600 Ime volts, 80% 

P. P., three-phase, 25 cycles. (Prob. 5, Chap. V.) 

Ans. 15,153 kv.-a., 97,934 volts, Ime; 56,542 volts, star; 
89 67% efficiency. 

4. Find, by the convergent series, the per cent voltage drop, the 
per cent loss, and the power factor at the supply end of the following line: 



VI— CONVERGENT SERIES 


43 


Length of line 100 miles. 

Spacing . . 6 feet. 

Conductor . . . . No 0000 copper wire. 

Taker = 0 267, a =0 727,6 = 6 03X10“^. 

Load (at receiver end), 100 amperes per wire, 60,000^ line 
volts, 95% P.F., three-phase, 60 cj^cles. [Prob. 4 , Chap. 

VJ 

Ans, 13 03% drop, 7.60% loss, 96 66% P.F. 

5. Fmd, by the convergent senes, 

(а) star voltage at supply end at full load, 

(б) star voltage at supply* end at no load, 

(c) regulation volts (star), at the supply end, 

(d) amperes per wire at supply end at full load, 

(e) power factor at supply end at full load, 

(/) loss m line at full load, 

(g) efficiency of the tiansmission line, 

(Ji) amperes pei wire at supply end at no load the “ charging 

current”)? 

(^) power factor at supply end at no load, 

(j) loss in line at no load, for the following line: 

Length of line 300 miles. 

^3 ' p ac m . ... . «. ■ 10 feet. 

Conductor, No. 000 copper cable 0 330 ohm per mile. 

Load (at receiver end), 18,000 kv-a , 104,000 line volts, 90% P.F., 
three-phase, 60 cycles. (Prob. 6, Chap. V.) 

Ans. (a) 69,670 volts, (6) 48,950 volts, (c) 20,720 volts, (d) 96 59 
amperes, (e) 92 35%, (/) 2440 kw , (g) 86 90%, (h) 90 97 amperes, 
(^) 6 47%, O) 860kw. 

6. Find, by the convergent series, the voltage at the supply end of 
the followmg hne: 

Total length of line 400 miles. 


Spacing ... 15 feet. 

Conductor No. 0000 copper cable of 

0 2693 ohm per mile. 


Load at receiver end of line, 5000 
kv-a , 85% P.F. (l^^gging), 110,000 
line volts, three-phase, 60 cycles. 

Load taken by a substation at the middle of the line, 200 miles from 
either end, 2500 kv-a., at the line voltage and at 90% P.F. (lagging). 
(Prob. 7, Chap. V ) 


Arts. 90,190 volts. 



CHAPTER VII 
CONSTANT-VOLTAGE LINES 

In tlie problems dealt with in the chapters so far, a Kne 
has been calculated for one load at a definite power factor, 
and in calculating the performance at no load, it has been 
assumed that when the real power is zero, the reactive 
power is also zero. 

In a great many transmission lines, however, and .espe- 
cially in all of the very longest and most impoi’tant trans- 
mission lines, artificial control of the power factor by syn- 
chronous condensers is used, so as to hold the voltage at 
both ends of the line constant. At no load, as well as at 
other loads, a large amoxint of reactive power is taken over 
the line, of sufficient quantity to hold the voltages at their 
normal full load values. 

It is evident that in constant-voltage lines a different 
set of given conditions is assumed from those considered in 
the preceding chapters. The voltage is given at both ends 
of the line; the kilowatts are known at one end, but the 
reactive power and the power factor are unknown and must 
be calculated. Special formulas for this set of given condi- 
tions are tabulated in Tables 9 to 13. 

It is found that the relation of fcw. to reactive kv-a. 
required to maintain constant voltage in a transmission 
line is represented by a true circle. The graphical method 
of drawing this circle on accurate cross section paper is very 
convenient and useful, since it shows the solution of the 
problem for all possible values of load. Further, a nrunber 
of concentric circles can easily be calculated and drawn, 
which will show the effect of changes m the voltage at one 
end of the line. 
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Th.e circle diagram shows the operating characteristics 
of a constant-voltage line so clearly and completely, and it 
is such a good method of checking calculations, that it is 
recommended that the circle diagram be drawn in connec- 
tion with the solution of any constant-voltage line. The 
tables for constant-voltage lines show, first, the instructions 
for making the circle diagram, and then give formulas for 
calculating the various problems connected with constant- 
voltage lines. 

Formulas for the circle diagram of a trans m ission line, 
including the effect of the distributed capacitance of the 
line, were published by the writer for the case in which 
conditions are given at the receiver end.* * * § Later, formulas 
were presented for the case of conditions given at the supply 
end,t and for transmission systems including transformer 
characteristics along with the hne characteristics.? A 
method of solving complicated networks of transmission 
lines has been given by Prof. Ilosebrugh.§ 

In the case of transmission lines not more than 20 miles 
long, the capacitance of the line may be neglected. The 
calculation of the line when conditions are given at the 
receiver end is based directly on the vector diagram shown 
in Fig. 9, Chapter IV. The relations shown by the vector 
diagram are given by the following equation, as in Chapter 
IV: 

^,2 = {E +PR - QXY+ iPX+QRy, 

* “The Use of Synchronous Condensers with Transmission Lines,” by 
H. B. Dwight, Transactions Engineering Institute of Canada, Nov., 
1913, p 251, and “The Calculation of Constant-Voltage Transmission 
lines,” by H. B. Dwight, The Electric Journal, Sept., 1914, p. 487. 

t “Constant-Voltage Transmission,” by H B. D-vvight, Tables II and 
IV, published by John Wiloy & Sons, 1915 

t “Circle Diagrams for Transmission Systems,” by R. D. Evans and 
H K. Sels, The Elecirtc Joumaly Dec,, 1921, p 630. 

“Electrical Characteristics of Transmission Systems,” by H. B. Dwight, 
Trans. A, I, E. E y 1922, p. 781. 

§ “The Calculation of Transmission Line Networks,” by Prof. T. R. 
Rosebnigh, Bulletm No. 1, 1919, of the School of Engineering Research, 
University of Toronto. 
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where Q is a positive quantity for leading current, and a 
negative quantity for lagging current. Now, the voltage 
is constant at both ends of a constant-voltage line, and so 
Es and E are constant, as are also R and X. The equation 
can therefore be rearranged as an equation between Q and 

P and it will give the reactive power in the line, 

required to maintain constant voltage for a true power load, 

The equation between P and Q is : 


2ER p 2 EX ^ Es^-E^ 

JT -TV - 1-^3 R^+X-^ 


This is the equation of a circle. The formulas for calcu- 
lating the position of the center and the length of the. 
radius are given in Table 9. 

The circle diagram may be drawn in terms of either 
current or power, that is, Q may be plotted against P or 

against The latter is recommended, because 

lOOU lUOU 

loads are usually given in kw. and kv-a. If the diagram is 
in terms of current, the Standardization Rules of the Ameri- 
can Institute of Electrical Engineers (see Rule 3230, 1922 
Edition), as well as those of the International Electro- 
technical Commission, expressly state that when an in-phase 
current is drawn horizontally to the right, a leading current 
shall be drawn upward, in the positive direction. It seems 
idmost obvious that when the above currents are all multi- 
plied by the constant transmission voltage, their relation- 
^p should still be shown by the same shape of diagram. 
It would be inconsistent to have two different shapes of 
diagrams to show the same relationship. The power dia- 
gram is to all intents and purposes a vector diagram, since 
it conveys exactly the same information as the vector dia- 
gram of currents referred to above. Standardization Rule 
No. 3230 of the A. I. E. E. explicitly refers to any vector 
diagram. However, kw. and kv-a. are in a strict technical 
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sense not vector quantities, and circle diagrams are some- 
times drawn with, leading reactive kv-a. downward, in the 
negative direction, although it is inconsistent with the cur- 
rent diagram, and with the general meaning of Standardiza- 
tion Rule 3230. 

The use of conjugate quantities, which are very advan- 
tageous in many calculations, does not require that leading 
kv-a. be plotted downward, but merely that the conjugate 
of the proper quantities be taken. Where the conjugate 
of an impedance is required, no difficulty is encoimtered. 

The “conjugate” of a complex quantity is obtained by 
changing the sign of the imaginary part, that is, by chang- 
ing j to — y. 

The use of conjugates is both easy and natural. It will 
be remembered that a complex fraction is multiplied above 
and below by the conjugate of the denominator, in order to 
rationalize the denominator. In a somewhat simil ar way, 
when multiplying a complex voltage by a complex current, 
if the conjugate of the voltage is used, the resulting expres- 
sion can be used to represent the volt-amperes, with the 
additional advantage that the real part is equal to the watts. 
It is necessary to use the conjugate of the voltage in order 
not to conflict with the precedent set by Standardization 
Rule No. 3230 of the A. I. E. E., but this can easily be done. 

While the most usual and general problem is the multi- 
plication of a voltage by a cun’ent, the matter is very 
clearly set forth by an example of a complex value of cur- 
rent, 

7 (cos e+j sin e) =Ie‘\ 

flowing through an impedance, R +jX. The voltage across 
the impedance is Ii^{R+jX)f and the conjugate of the 
voltage is Ie~’^(JR—jX). If now, in accordance with the 
previous paragraph, the current be multiphed by the con- 
jugate of the voltage, the resulting expression for v-a. is: 


-jX) -jJPX. 
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It is seen that the real part is equal to the watts and the 
nnrftal part is equal to the reactive volt-amperes, which are 
negative when lagging, thus agreeing with the method of 
drawing vector diagrams given by vStandardizatiou Rule 
3230. 

If, on the other hand, the conjugate of the current be 
multiplied by the voltage, as is sometimes done, the 
resulting expression for v-a. is: 


In this, the lagging quantity is positive, and would be 
plotted in a counter-clockwise direction from the in-phase 
quantity, which is in disagreement with the method of 
Standardization Rule 3230. 

Therefore, the procedure of using the conjugate of the 
current should not be followed.* 

The circles in the circle diagram show the reactive kv-a. 
in the line required to maintain constant voltage. It is of 
practical importance to know also the reactive kv-a. of 
synchronous condensers required, and for this the values of 
reactive kv-a. of the load must be added to the values given 
by the circle, because the synchronous condensers must 
correct the lagging kv-a. of the load, as well as provide the 
reactive kv-a. required in the line. In the tables it is 
assumed that the power factor of the load is constant from 
no load to full load, and this gives a straight line for the 
curve of load kv-a. Values read from this straight line, 
when added to those of the circle, give an ellipse. If the 
power factor of the load from light load to full load is known 
for a certain case, by experience, the curve of load kv-a. 
will not be a straight line, though it will usually not depart 
far from it. This would produce corresponding changes 
in the curve of synchronous condenser capacity. 

The straight line of load kv-a. is most easily drawn by 

* See discussions by J. R. Dunbar and H B Dwight, Trans. A. I. E E., 
1922, p. 789. 
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plotting an abscissa, cos $, and an ordinate, —sin 6, to give 
one point on the line. Values of sin 6 corresponding to 
values of the power factor, cos d, are tabulated in Table 28. 

The theoretical limit of the load of the line for the given 
constant supply and receiver voltages may be read directly 
from the circle diagram or it may be calculated by the 
formulas given in the Tables. It is shown by the farthest 
distance to the right reached by the circle. This theoretical 
limit is so much larger than the regular load of an ordinary 
line with rather small conductors, such as No. 000, that it is 
of little importance in such cases. However, withheaA’j' 
conductors such as 500,000 circular mil copper, as used in 
the largest transmission systems, the theoretical limit of 
load becomes very important, for the efficiency is high 
right up to this limit of load. 

If the voltage of a station supplying a lifting load be 
lowered, the kilowatts and current are both reduced. This 
is evident by considering the lighting load as a pure resist- 
ance through which current is flowing. 

If the load, however, is entirely a motor load, the kilo- 
watts will remain practically constant when the voltage 
changes, and so the in-phase current will increase when the 
voltage decreases. It has been shown that for most cases 
where the kilowatts are constant, and in fact for most loads 
encountered in actual practice, the operation of ssmchron- 
ous condensers with a transmission line wfll become imprac- 
ticable and the condensers will drop out of step at a load 
somewhat less than the maximum load indicated by the 
circle diagram. This point may be called the stability 
limit” of load of the transmission system, since the system 
becomes imstable when the load is increased to this amount. 

For such a heavy load the synchronous condensers are 
essential for holding up the receiver voltage, and when the 
condensers drop out of step the receiver voltage will imme- 
diately fall very low, and the transmission line will behave 
almost as though it were short-circuited at the receiver end. 

The determination of the stability limit of load of a 



ou TRANSMISSION ITNE FORMULAS 

transmission system is carried out by a process of drawing 
curves. See Fig. 10a, which is reproduced by permission 
of the author from Fig. 3a of a paper by E. B. Shand.* 

The first step is to draw the characteristic curves of the 
condensers used for maintaining constant voltage on the 
transmission system. Such curves, in amperes plotted on 



Eig. 10a. — Curves Used in Finding the Stability Limit. 
Cobstantat ai«0.85, 02 « 0.076, S' *73.1, .ST'** 168 S^«100 Kilovolts to Neutral. 


receiver voltage, are represented by the dotted lines in 
Fig. 10a, for various values of excitation. A group of syn- 
chronous condensers with constant excitation will carry 
less leading current when the voltage is increased, and so 

• “The liimit&tioiis of Output of a Power System Involving Long Trans- 
mission Lines,” by E. B. Shand, Joumcd, A. I. E. E., March, 1924, page 219. 
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their curves slope downward to the right as shown in 
Fig. 10a. The drawing of these curves is a problem in the 
design or testing of synchronous machines. The curves 
are easily drawn by taking values from the well-known load 
sattiration curves of the machines. 

The leading current of static condensers, on the other 
hand, increases in proportion as the voltage increases and so 
their characteristics are straight lines pointing upvTord 
toward the right as shown. 

The next step is to draw characteristic curvns of the 
transmission line, as shown by the full line curves of Fig. 10a. 
In a manner similar to that used on the first page of Table 
11, let 

and 

B'+yX' = (B+iX)(l+|2+_^+ 

Then 

E, =F?(ai +ja2) +(P+jQ)iR'-\-jX'). 
Multiplying by E, 

EJS = E^ax +PER' - QEX' -i-jXE^aa +PEX' +QER'), 
or, using absolute values, 

EJ^E^ = (E^ai +PER' - QEXy -H (E^a^ +PEX' +QER'y. 

Each curve is drawn for a specified load PE, and Et is 
assumed constant. Then, by ^eeifsdng different values 
of E, correi^ondmg values of Q can be calculated, and the 
curves can be plotted. For the most accurate work, the 
effect of the transformer impedances should be included. 


When a numerical value is given to E, the equation 
becomes 


aQ2+bQ+c=0, 


where a, 5 and c have numerical values. 
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Then 


Q = 


— h —'^b^ — 4ac 
2a 


In this way the curves of Fig. 10a can be plotted. 

The point of instability is where the transmission line 
curve is tangent to one of the dotted S37nehronous con- 
denser curves. Thus, in Fig. 10a, the curve for PE = 30 X 10® 
watts per phase becomes tangent to one of the synchronous 
condenser regulation curves at 90 kilovolts. The full hne 
curve goes on to 86 kilovolts where it reaches the straight 
line corresponding to the circle diagram limit. According 
to the circle diagram limit, therefore, a larger load than 
30x10® watts per phase can be carried when the receiver 
voltage is 90 kilovolts. This would, however, be beyond 
the stability limit. 

Fig. 10a therefore shows how to find the stability limit 
of a transmission system supplying a load of constant power, 
and having condensers of a definite total rating, and it 
^ows that the stability limit is in some usual cases slightly 
lower than the circle diagram limit. 

If economic and engineering conditions justify a load 
for a transmission line approaching or exceeding the sta- 
bility limit or the circle diagram limit of load, synchronous 
condenser stations may be placed intermediate between the 
supply and the receiver. The stability limi t of such a line 
with intermediate condenser stations is found by drawing 
curves similar to those described above, of reactive amperes 
on a voltage base for each point where there are synchron- 
ous condensers. For the calculation of the stability limit, 
it is not possible to conrider each section of line separately, 
but the entire transmission line must be taken into con- 
sideration. 

For further discussion of the stability limit, reference 
can be made to the paper by E. B. Shand, previously men- 
tioned, and to papers published in the Journal of the 
A. I. E. E., 1924, by R. C. Bergvall, R. D. Evans, C. L. 
Fortescue, H. K. Sels and C. F. Wagner. 
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The formulas used for constructing the circle diagram 
when the effect of line capacitance is included, as given in 
Table 11, are derived as follows: 

From Table 6, or equation (14) of Chap. XIV, we 
have the fundamental equation for conditions given at the 
receiver end* 

e .= b ( i +^+ . . .)+(p+,-i2)(ie+jX)(i+2^+ . . .) 

= E’ +jE'' + (P +J<3) («' +jX'), 

using the notation of Table 11. Then 

= {E' +PR' - QX'y + {E" +PX'-\-QR'y. 

Rearranging this as an equation between P and Q, 

02 , ^2 . 2iE'R'+E"X')T, 2CE'X'-E"R'')^ 

R'^+X'^ R'^+X'-^ ^ 

Ey-E'^-E"^ 

R'^+X'^ 

or 

,E'R'+E''X'y , E'X'-E"R'Y E.^ 

\ ^ R'‘^+X'^ / R'‘-^+X'^ } 

This is the equation of a circle, the units being in amperes 

3-E? 

per conductor. Multiply by to change the imits to kw. 

and kv-a. and the formulas for a' , h' and c' of Table 11 are 
obtained. 

Constant-voltage Lines with Transformers. — In using 
synchronous condensers for voltage control, it is often 
desired to hold the voltage constant at the low-tension side 
of the transformers. Formulas are given in Table 13, 
whereby the transformers and synchronous condensers are 
included as an integral part of the transmission system. 
The diagram of the constant-voltage line is still a true 
circle, even when transformer impedance and average 
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values of transformer core loss and magnetizing current 
and of synchronous condenser loss, are included. 

The formulas as given apply to long lines with distrib- 
uted capacitance and impedance, but they are applicable 


to short lines by merely changing the series 


and (1+^4 


( 


2-3 


to unity. 




Supply Receiving 

Transformers Transformers 

Rts+j^ts 



Condensers 

Fig, 11 — Scheme of Connectionb of Constant-Voltage Transmission 

Line 


Load Current « P-h j Qi 

Load Current + Reactive Current from Synchronous Condenaeife» P+jQ 
Current for Average Loss in i;$yiichronous Condensers » Pc 
Admittance for Core Loss and Magnetizing Cuiient of 
Receiving Transformers at Avoiage Voltage Btr 

Admittance for Core Loss and Magnetizing Current of 
Supply Transformers at Average Voltage C?tif + j Bta 


It may he noted that 


and 



''234 


■f . . . =cosh Vyz, 


YZ^ , _mih^yYZ 

2 . 3 '^ 2 . 3 . 4 . 5 '^*-* • 


The scheme of connections of the transmission line, 
with transformers and synchronous condensers, is shown in 
Fig. 11. 



Reac Kv-a , Lagging Reactive Kv-a , Leading 
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Fig- 12 — CibciiB Diagbau fob 220,000-voijr, Constant-voi/taqe 

TBANSMISSIOir Linb. 

(5m Example I) 
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Example 1 

Length of line =200 miles 
Frequency = 60 cycles 

R+jX = 23 24-y 160 ohms 

Y =+3 0 00106 mho 

l+~+ . . . =0. 91637 +i0 01195 

2i 

l+^+ . . . =0. 97197 -f-iO 00403 

Pe = 8 . 66 amperes 

Rtr + 3 Xtr = 1.33 +3 24 0 ohms 

G„+ 3 B,r =0. 000,022,5 -y 0 000,187,5 mho 

Ru+ 3 Xta = l 61 4-j 29 . 0 ohms 

Gu+ 3 Bu =0 000,018,6 0 000,155,0 mho 

E = 115,470 volts to neutral (line voltage 200,000) 

Ta—P +jQ +8.7 

P„ = 116,480+jl00 + (P+jO)(0 7+J12.0) 

/» = (P+iQ) (1.002+:? 0.0002) +11. 3-^21 6 
= 115,740 +3 220 + (P +jQ) (1 3 +^ 24 . 0) 

Pc = 109,680 +j 2870 + (P +3 Q) (22 . 9 +3 178 . 0) 

Ic = (P + 3 Q) (0 . 894 +3 0 013) +9 . 9 +j 99 . 5 
Ea = 108,240 +3 3090 + (P + 3 Q) (23 . 4 +y 191 . 0) 

U = (P + 3 Q) (0 . 924 +3 0 013) + 12 . 4 +3 82 . 8 
P. = 107,050+; 3340 +(P+jQ) (23 9+;204 4) 

=P' + 3 W’ + (P + 3 Q) (P' +;X0 
a' = —26,600 kw. 

6' =178,300 kv-a. 
c' =213,800 kv-a. 

when P, = 127,020 volts to neutral (line voltage =220,000). 
Se 3 Fig. 12, which shows the desired characteristics of the 
system. 



CHAPTER VIII 


POWER FACTOR CORRECTION 

The question of power factor correction, while not 
inherently a transmission line problem, occurs so frequently 
in the calculation of the loads on transmission hnes that a 
short discussion of it will be given. 

Electric power loads, in themselves, have usually a 
lagging power factor, due to the lagging magnetizing cur- 
rent taken by induction motors and transformers, which 
are generally more numerous than other classes of apparatus 
having higher power factor characteristics. For instance, 
incandescent lamps, synchronous converters and many 
synchronous motors have practically unity power factor 
and when they are added to a laggmg power factor load 
they raise its power factor, though they cannot make it 
leading. Synchronous motors of generous design can 
operate at leading power factor, and synchronous con- 
densers and static condensers can furnish current at prac- 
tically zero power factor, leading. 

The fundamental problem suggested by the term 
‘'power factor correction,” is the determination of the per- 
centage power factor which is obtained by adding a certain 
load oi high or leading power factor to a given lagging load. 
This problem is of importance in city distribution where the 
total current of the load is of importance, even if the volt- 
age drop in the lines is not. For long transmission lines, 
where the effect of voltage drop is predominant, the effect 
of leading current may be calculated in the manner 
described in Chapter VII on constant-voltage lines. 

The change in load power factor caused by the addition 
of a certain load, can be conveniently calculated by using 

57 
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rectangular co-ordinates and slide rule calculations. Thus, 
if the original load be represented by an in-phase current, 
Pi, and a reactive current, Qx, which is negative when 
lagging, as in Table 1, and if the corresponding currents for 
the added load are Pa and Qs, then the final load currents 
are Ps, in-phase, and Qz, reactive, where 


and 


P3 =Pi +P2, 


Qa =Qi +^2- 


The power factor of the final load is 


Ps 

v'PiM^' 


The final load is leading or lagging according as is posi- 
tive or negative. 

This method of calculating problems in power factor 
correction is simple and well adapted to slide rule work. 
It does not require the use of trigonometrical tables or the 
drawing of a vector diagram. 

A vector diagram for a power factor correction problem 
can easily be drawn and can sometimes help give a physical 
idea of the changes in the load characteristics. Such a 
diagram is given in Fig. 13 as an illustration for Problem B. 
It is not necessary, however, in the calculation of the prob- 
lem. 

It is obvious that if each value of current is mxiltiplied 
by the star voltage, E, the calculation can be carried out 
in terms of kilowatts, p, and reactive kv-a., q, instead of 
amperes. This is usually more convenient. 

Where loads commonly d^cribed as zero power factor 
loads are involved, an in-phase component should be used, 
equal to the losses in the zero power factor apparatus such 
as synchronous condensers or static condensers. 
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PROBLEM A 

Find the power factor resulting by adding a 1000 kv-a. sjTichronous 
condenser, having 5% losses, to a 5000 kv-a load of 805o lagging power 
factor 

Pi= 5000X0 8 =4000 

pi*= 16,000,000 

25.000. 000 
gis= 9,000,000 

qi= —3000 Gating) 

P5= 1000X0 05=50 
Pi* =2500 

1 . 000 . 000 

ga*= 997,500 

3 s =4-999 Geading) 


P3 = Pi+P8=4050 

33=3i+3s= -3000-1-999= —2001 Gagging)- 
2V= 16,402,500 


3,2= 4,004,001 
Ps®+9s® == 20,406,50 1 
V p,s-l-gj®=4517 


Power factor 


Pa 4050 

P8®4-3s* ^517 


= 0.897 


= 89 7% lagging. 


The power factor is lagging because 3 * is negative. 
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PROBLEM B 


Find the po-wer factor of the load made up of the follo-wmg loads: 
10,000 kv-a. at 85% P.F , lagging, a 1000 kw. synchronous converter 
adjusted for umty P.F. and having 4% losses, and a 2000 kv-a synchron- 
ous condenser havmg 5% losses. 


Pi =8600 

qi— —6268 (See Table 28) 

Pa =1040 

g2= 0 

Ps= 100 

3»=+199S 

P4=9640 

g*= -3270 


Power factor = 


V< 


9640 

10,180 


= 0 947 


= 94 7%, lagging. 

The power factor is laggmg since is negative. 



Fig 13. — ^Vector Diagtsam Illustrating Power Factor Corroction Problem B. 


PROBLEM C 

Find the increase in power factor due to adding a 1600 kw. syn- 
chronous motor-generator set of 91% overall efficiency operating at 80% 
P.F. leading, to an 8000 kv-a. load of 70% lagging power factor- 


p 1=8000X0.7 = 6600 


1500 
0 91 


= 1649 


P* 


=7249 
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8000X0 7141-=— 5713 Oagging) 
aa=+1649X^ =+1237 (leading) 

qz =—4476 (lagging) 


Final power factor 




7249 

8520 


= 0 S51 

= 85 1% P.F , lagging. 


Tlie power factor is lagging because ga is negative. 



CHAPTER IX 


EFFECT OF A TIE-LINE BETWEEN TWO SUBSTATIONS 

When the transmission Kne to a substation becomes 
overloaded, it is sometimes easier to put in a tie-line from 
another near-by substation (see Fig. 14), than to duplicate 
or enlarge the main line. The construction of such a tie- 
line would give two circuits lor supplying each substation, 
where there had been only one before. Reserve transmis- 
sion circuits are thereby provided, which are valuable in 
case of line trouble. 

In order to determine whether a tie-line is worth install- 
ing, and in order to design it, it is useful to have methods 

Substation 



of calculation of the effect of the tie-line on the currents and 
voltages of the system, as given in this chapter.* 

The method of calculation depends on where the vari- 
ous factors such as voltage, power factor, etc., are measured 
or specified. Three cases will be taken up. 

* ^‘The Effect of a Tie-Line between Two Substations/' by BC. 15- Ewi^t, 
The MUdaricaL Review, Clucago, Dec 21, 1918. 
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Case I . — ^Tlie simplest case of the tie-line problem is 
where the current, power factor and voltage of each line are 
measured at the generator station. Any of the lines shown 
in Fig. 14 may of course consist of several cables or over- 
head lines in parallel. 

Let the combined resistance per phase of the lines to 
substation No. 1 be n, of the lines to substation No. 2, be ro, 
and of the tie-line be r^. Let the corresponding reactances 
be xi, X 2 and Xs. Let 

= n +^2 +r3, (1) 

and let 

X=a;i-|-a:2-|-^‘3 <2) 


Let the current and power factor for the hnes to the two 
substations be measured at the generator station, before 
the tie-line is connected. Let Pi be the current per con- 
ductor in phase with the geinerator voltage, flowing to sub- 
station No. 1, and let Qi be the reactive current. The 
quantity Qi will be positive for leading current and nega- 
tive for lagging. Let P 2 and Q 2 be the corresponding cur- 
rents for substation No. 2. 

Fmd the quantities, 

S=P2r2—Qjai>2—Piri+QiXi, .... (3) 

and 

P =P2,XZ -\-Q 2 T 2 — PlXl — Ql?*! (4) 


Then, after the tie-line is connected, the in-phase and 
reactive currents flowing in the tie-line from the first sub- 
station to the second, are 


and 


p _RS+XT 

P _RT-XS 
R^+X^ ' 


(5) 

( 6 ) 


The cinrent per conductor in the tie-line is 
The current in the line to Substation No. 1, in phase with the 
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generator voltage, is Pa = Pi +Pc and the corresponding reac- 
tive current isQa = Qi+Qt, so that the ctirrent per conductor 
in this line is Pa^ +Qa^. Similarly, the current in the line 
to Substation No. 2, in phase with the generator voltage, is 
Ps=P 2 — Po and the reactive current is Qi,=Q 2 —Q,, so that 
the current in this line is Prom these currents 

the voltages at the two substations may be calculated by the 
formulas for short transmission hnes, when conditions are 
given at the supply end. See Table 2. 

Case II . — ^If the currents, voltages and power factors are • 
measured at the substations instead of at the generator 
station, the quantities Pi, Qi, etc., must be calculated in the 
way used for short transmission lines, as follows: 

Let P and Q be the in-phase current and the reactive 
current per conductor at Substation No. 1, and let Pi be 
the voltage to neutral at the substation. 

Find the quantities: 

A =E I -fPri — Qxx (7) 

and 

B =Pxx -1-Qri (8) 

The voltage to neutral at the generators is 

P.=\/AL2+P2 (9) 

If the drop in the line is not more than 20%, the simpler 
formula may be used: 



The current in phase with P* is 

7D AP -\-BQ 

JTl P, ’ ‘ * 

and the current in quadrature with P, is 


( 11 ) 
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In the same way P 2 and may be calculated. Then 
the effect of the tie-line may be calculated as in Case I. 

To a certain extent, the above calculation for Case II is 
a trial and error method, for the values of found from the 
two substations should be equal. If they are not equal, 
due to the readings of the voltage or other quantities being 
wrongly taken, or taken at different times, then the given 
values of E should be slightly altered until they give equal 
values of Es. 

An approximate solution of Case II may be obtained, 
and the calculation of Pi, P 2 , Qi and Qa may be avoided, 
by assuming that the power factor at each substation is 
equal to the power factor of the correspondmg line at the 
generator station, and therefore, Pi=P and Qi=Q. The 
calculation required will then be only the calculation of 
Case I. 

Case III . — If the voltage is given at the generator 
station and the load in kilowatts and the power factor are 
given at each substation, then the voltage at each sub- 
station before the tie-line is connected may be directly cal- 
culated as in Table 3. 

Now that E is known, the currents P and Q can be 
immediately found. Then Pi and Qi can be calculated 
from formulas (11) and (12), and finally the tie-line problem 
can be solved as in Case I. 

In all the methods of calculation given above, the 
assumption is made that the load currents of the substa- 
tions are unchanged when the tie-line is connected, even 
thou^ the voltages at the substations may be sligb-tly 
changed by that operation. 

Example 

Case I . — ^Let the line to Substation No. 1 be 10 miles 
long and composed of No. 0000 copper cables at 3 ft. spac- 
ing. Let the line to Substation No. 2 be 10 miles long and 
composed of No. 0 copper cables at 3 ft. spacing. Let the 
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tie-line be miles long and composed of No. 0 copper 
cables at 3 ft. spacmg. Let the system be 3 phase, 60 
cycles. 

Let Pi =35, Qi =23 3, Pa =58 4 and Qa =43 8. 


Then 


ri=2 69, r2 = 5 38, rs = 1 .35, P =9.42; 
a;i=6 36, ara = 6 78, a;3=l 69, and X = 14.83; 
iSr= 314. 24-297.0 -94 2-148.2=368 8; 

P = 396 0-235 6-222. 6-f62 7=0.5; 

P 34754-7 _.,. 


Qc 


5475-5 

309 


17 7; 


VP?+^=21 0 amperes per phase in the tie-line; 


Ps =47 1, and Qe =26 . 1. 


Therefore, the current in this line is 53 8 amperes per 
phase. The current in this line before the tie-line was con- 
nected was 73.0 amperes, and so the tie-line reduces the 
ciirrent in the overloaded line to 74 per cent of its original 
value. 


Example 

Case III . — ^Let the lines be the same as in the preceding 
example and let the generator station voltage be 6600 volts 
between wires. Then P, =3810 volts to neutral. Let the 
load on Substation No. 1 be PPi = 120,000 watts and 
QEi =80,000 volt-amperes laggmg, per phase. Let the load 
on Substation No. 2 be P'Pa =200,000 watts and Q'E 2 — 
150,000 volt-amperes lagging, per phase. 

For Substation No. 1, by Table 3, 

I,i2=831,600; 
ilfi2 = 548,000, 

El =3574: volts. 


and 
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Now that Ex is known, we can obtain P =33 6 and Q =22.4 
amperes per phase. 

By formulas (7) and (8), 

A = 3574 +Q0 + 143 = 3807 ; 

B = 213-60 = 153; 

E,=A+^ =3810 volts, 


which checks the calculation. 
By formulas (11) and (12), 


and 


Pi =32 6, 

Qi = 23 . 7 amperes per phase. 


It is seen that these quantities are not much different from 
P and Q. 

For Substation (2), by Table 3, 


Lz^ =2,093,000; 


and 


M22= 549,000; 

E =3140 volts. 


We can now obtain 


and 


P'=63 7; 

Q' =47 8 amperes per phase. 
Then, by formulas (11) and (12), 

Pa =61 4, 

Q 2 =50 . 6 amperes per phase. 


and 


All the data for Case I axe now definitely known, and 
we obtain, by formulas (3) to (6), Pe = 13.3 and Qb = 20 9 
amperes per phase. The current in the tie-line is, therefore, 
24 7 amperes per phase. The current in the line to Sub- 
station No. 2 is 56.6 amperes. Before the tie-line was con- 
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nected it was 79.6 amperes, and the current in the over- 
loaded line has therefore been reduced to 71 per cent of its 
original value. 


Apfboximaotej Solution 

Case III . — ^In order to find the load currents, assume 
that the voltage at both substations is 10% lower than at 
the generator station, that is, E = 3430 volts. This is inac- 
curate by several per cent, but a fair estimate of the effect 
of the tie-line can be obtained in this way. We thus obtain 
P=35 amperes, and, as m the approximate method for 
Case II, Pi may be assumed to be the same. Similarly, 
values of Qi, P% and Q% are obtained which are the same as 
those used for the example of Case I. It is seen that the 
current in the overloaded line is reduced to 74%, of its original 
value, according to the approximate method, and to 71%, by 
the more accurate method. 

Accordingly, the approximate method, which uses the 
calculations of Case I only, and in which the substation 
voltages are assumed, and the change in power factor from 
one end of the line to the other is neglected, may be recom- 
mended for estimatmg work. 

Derivation or Pormulas (5) and (6) 

Case I . — ^Use the same notation as in Case I. Let the 
currents after the tie-line is connected be Po +jQa amperes 
per wire in the first line, Pn-^-jQt in the second line, and 
P«,4-jQe in the tie-line. Pa being in phase with the generator 
voltage, etc. Then, assuming that P<, -f-jQe flows from the 
first substation to the second. 


and 


P a=Pl +Pc,‘ 
Qa = Qx-{-Qe') 
Ph—Ps—Pc'i 
Qd=Q2 — Qc‘ 
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Let Ea and Ej, be the voltages to neutral at the two sub- 
stations after the tie-line is connected. 

Ea=Es- (Pa-i-jQa) (n -\rjXi) 

=E,-{Pi+jQi)(^ri.-hjxi)-(P,-{-jQ,){ri-^jxi). . . (13) 

Eb =Et — (P i +jQ&) (t‘ 2 -\-jx2) 

^E, — (P2+jQ2)(r2-\-jx2)+iPo-\-jQMr2-hjX2). . . (14) 

and 

Eb=Ea — (,Pc-\-jQe)(rz+jX 3 ) (15) 

From the above three equations, 

E» - (Pa + jQa) (r2 +3x2) (P^ -\-jQc) (^2 ^jxz) 

=E,- (Pi +jQi) (ri -{-jxi) - (Pc +jQc) (ri -l-rs +jxi +jxz ) . 
Therefore, (P* +jQ,) {n +^2 +r3 +jxi +jx2 +jxz) 

= {P2 +JQ2) (r2 +JX2) - (Pi +jQi) (ri +jxi) 

That is, 

Pc+jQc = /pJ' v\ ^P2r2 -Q2X2 -Pin +Qia:i 
{.R+jX) 

+j(,P2X2 -\-Q2r2 -PiXi -Qiri)] 

— • (See equations 3 and 4). 

Therefore, 

„ RS->rXT . .. 

Pc = jg2q:x 2~> equation (5) 

and 

Qc as in equation (6). 

One way to look at the above calculation is that the 
difference in voltage between the two substations before the 
tie-line is connected, drives a circulating current through all 
three lines after the tie-line is connected. 



CHAPTER X 

EFFECT OF MUTUAL INDUCTANCE ON ADJACENT 

CIRCUITS 

The choice of the phases to which each conductor should 
be connected when two transmission circuits are close 
together is of considerable importance.* Such a problem 
arises in the case of the usual arrangement of two circuits 
on one tower, shown in Fig. 15. It is found that by choosing 
the proper arrangement of conductors, and without chang- 
ing the mechanical design of the towers, or changing the 
amount of the transposition or rotation of the circuits, the 
inductance of each circuit can be reduced by as much as 
7 % when the two circuits are carrying equal loads. With 
the same arrangement, the greater part of the unbalance 
may be eliminated. 

The arrangements suggested in this chapter do not involve 
any expense, since they refer only to the phases to which 
the various conductors shall be coimected, after the line is 
built. The design of the towers can be settled by mechani- 
cal considerations only. 

When two circuits are carried on the same line of towers, 
they often have flat spacing, that is, the three conductors of 
a circuit lie in a plane, which xisually is vertical or nearly so. 
When the conductors are loaded with ice, one conductor 
may lose its ice load on one span before the others, and when 
suspension insulators are used, they can allow a large verti- 
cal rise in that conductor, so that it is safer not to have two 
adjacent conductors placed one vertically above the other- 

* '‘Reducing Inductance on Adjacent Transmission Circuits,” by H. B. 
Zhvigbt, The MectnadL World, Jan. 12, 1924, p. 89. 
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Accordingly, one conductor is frequently offset somewhat, 
as shown in Fig. 15 or Fig. 16. 

The reactance drop in each conductor can be calculated 
when the loads on the two circuits are equal. This is an 
average condition and includes the case when the circuits 



Fig. 15 — ^Adjacent Transmission Fig 1(5 — ^..idjacent Tiansmission 
Circuits, Airanged Oppositely. Circuits, Airanged Alike. 


are in parallel. Formulas will first be derived for the gen- 
eral case for any diape for the spacing arrangement of the 
conductors. 

Let a = cos 120° -Hi sin 120° 

= -0.5 -Hi 0.866 (n 

o2 = (_o 5-HiO 866)2 
= -0.5-i0 866 
= cos 240° +j sin 240° 


Then 


1-Ha-Ha^ = 0 


( 2 ) 

(.3) 
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Find the reactance drop in conductor Ai, taking into 
account magnetic flux up to a certain large distance p. 
This quantity p vanishes later, by applying equation (3). 

Let the current in conductors Ai and A 2 , due to the load, 
which is the same in both circuits, be I. Then the current 
in Bi and JS 2 ^ la and the ctirrent in Ci and Cz is la^. 

The reactance drop in conductor Ai due to its own cur- 
rent is 

7 ) volts per cm. 

The reactance drop in conductor Ai, due to current I in 
another conductor at a distance m, is 


The reactance drop in Ai due to the currents in the six 
conductors is 




P 

AiBx 


-\-a^ lo^ 




P 

AxAz 


^ [i- logh (A1A2 Xr) 

—a logh (AiBi xAiBz) 

-a^ logh (AiC, XA1C2)] .... ( 4 ) 

using equation ( 3 ) . 

The reactance drop in Bi is 

j^[i-logh (SiBaXr) 

—a lo^ (BiCi XB1C2) 

— logh (BiJiiXBiAa)]. ... ( 5 ) 
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The reactance drop in Ci is 

-a logh (CiAi XC 1 A 2 ) 

— logh (CiBiXCiSj'l]. ... (.6) 


w =2iTrf 


=2irX cycles per second. 

I is the absolute, or measured, value of emrent in each 
conductor in amperes. 

r = radius of conductor, measured in the same units as 
the spacings. 

These general formulas can now be applied to the par- 
ticular cases of Figs. 15 and 16. For Fig. 15, putting 


and 

we obtain 


and 


=BxCi =m 
AiC 3=1 5m 
BiB 2=2 5m 
AiCi = 1.732w 
A 1 A 2 =2. 29m 
AiJ52=2.18m. 


Then jE?a= reactance drop in Ai 

-h (0 . 5 -i 0 . 866) logh (2 ISw^) 

+ (0.5+j0. 866) logh (1 . 5 X 1 . 732m2)l 

= ,-f^(l4-logh — -1-0 038 -fjO 152 ) volts per cm. 
10^ \4 r / 
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Et = Reactance drop in Bi 

137) 

Ee = Reactance drop in Ci 

^ +0 . 038 -J 0 . 152) . 

It is now useful to apply three equations given by 
Chas. F. Fortescue.* 

First, the average reactive drop is 

-7^(i+lost=-0.020). 

Also 

Eai — •§ (JEa -{-aEb 

=J^(+0 073 +i 0.127). 

This is a measure of the unbalance, and is known as the 
“reversed phase sequence voltage.’^ 

Finally 

EaO =^(F?a+jE?d+£?c) 

=i^(-0.015+i 0.025). 

This is an equal voltage drop in all three conductors of the 
circuit. It is small in the cases here considered. 

If the same quantities are calculated for Fig. 16, we 
obtain 

■E.-J^{i+lo^™+0 673+iO 519) 

* '‘Method of Symmetrical Co-ordinates Applied to the Solution of 
Polyphase Networks,” by C. L. Fortescue, Trans., A I. E E , 1918, equa- 
tions (5) and (6), p 1034. 
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4 0 


Ec (I +logli ^ +0 . 673 -i 0 . 0 I 9 ) 

^«==J^(i+lo&h^+0.403) 

-Eai=J^(+0 285+^0 493) 

^ao=j^(-0 015+^0.025). 

The quantity ^i+logh^^ may be taken as 5 5 for an 

average transmission circuit. Then the value of Eas is 
5.480 for Fig. 15 and 5.903 for Fig. 16. 

It is seen that the average voltage drop, Ees, is 7f3 less 
for Fig. 15 than for Fig. 16. The reactance drop for Fig. 15 
is less than if there were no load in the second circuit on the 
tower, and it is even less than for one isolated circuit with 
equilateral triangular spacing of side m. 

The imbalance, represented by Eai, is less than one third 
as great in Fig. 15 as it is in Fig. 16. 

While transposition of the conductors every few miles 
gives theoretically equal reactance drops in the conductors, 
and removes the unbalance, the correction cannot be perfect, 
and it is better if the unbalance in each section of the line is 
small. 

It is evident that the arrangement of Fig. 15 is prefer- 
able in every way to that of Fig. 16, and no expense is 
involved in adopting it. 

If Bi and B 2 , in Figs. 15 and 16, are brou^t in line with 
the upper and lower cohductors, so that each circuit has 
flat spacing, the method of connection of Fig. 15 gives 9% 
less reactance drop than the method of Fig. 16, but the 
unbalance is sh^tly greater with the method of Fig. 15. 

An interesting case, although not a practical one, is 
when the six conductors are spaced at the comers of a regular 
hexagon, having all its sides and angles equal. Here, the 
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method of connection of Fig. 15 gives 11% less reactance 
drop than the method of Fig. 16. The unbalance is zero 
•with the method of connection of Fig. 15 and with equal 
loads on the two circuits, but there is considerable unbal- 
ance with the method of Fig. 16. 

This general method of calculation can be used for 
determining the reactance drop and the effect of mutual 
inductance and of different methods of transposing con- 
ductors, etc., with various combinations of alternating- 
current circuits. 



CHAPTER XI 

RESISTANCE AND REACTANCE OF STEEL CONDUCTORS 

Iron and steel wires and cables are used to a considerable 
extent as conductors for branch power lines where the cur- 
rents to be carried are not large. This is partly due to the 
necessity in sparsely settled districts of taking advantage of 
every possible economy in design, so that the use of a copper 
or aluminum conductor is prohibited when a cheaper steel 
conductor can do the work. The utilization of steel con- 
ductors is also partly due to the increased knowledge of their 
electrical properties, so that they may be applied to a pro- 
jected line with more confidence that the results desired 
will be obtained- 

The resistance and reactance of iron and steel wires and 
cables vary considerably with the grade of the metal and 
with the number of amperes of current w'hieh is being 
carried. Accordingly, these properties are ^own by a set 
of curves (see Tables 24 and 25), which have been drawn 
up so as to apply as much as possible to sizes and grades of 
steel conductors commercially used in America.* These 
curves show the average results of the tests which have been 
published. As the tests published so far are not very com- 
plete and do not agree very closely with each other, the 
probable characteristics of a steel conductor can best be 
obtained for estimating purposes from a set of average 
curves, as in Tables 24 and 25. 

The teats of a given type of steel conductor show two 
main kinds of variations, when different samples are tested. 
First, there are variations in the conductivity for direct 

* '^Hesistance and Reactance of Commercial Steel Conductors,” by 
H. B. Dwight, The Electric JournoL^ Jan., 1919, p. 25. 
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current, which, is the same as the conductivity for a very 
small alternating current, and second, there are variations 
in the percentage increase in resistance when alternating 
current is carried. 

In order to make the set of curves consistent as regards 
direct-current conductivity, the following values, expressed 
as percentages of the annealed copper standard, have been 


assumed. 

Grade E. B. B. (Extra Best Best) 16% 

Grade B. B. (Best Best) . . . . . . 14% 

Ordinary Steel Grade ... .12% 

Siemens-Martin ... . 9% 

High Strength . . .... . . . . 8% 


The percentage increase of resistance of a given size of 
wire or cable at a given strength of alternating current is 
greatest for Grade E. B. B. and least for High Strength 
Steel. The other grades have intermediate values in the 
order given m the above list. The curves show that a low- 
priced, medium grade of steel may have a lower resistance 
than Grade E. B. B. or B. B., for certain alternating- 
current loads. The percentage increase in resistance is 
practically proportional to the frequency at commercial 
frequencies, and this fact enables curves for 25 and 60 cycles 
to be compared. 

The reactance plotted in Tables 24 and 25 is the internal 
reactance, that is, the reactance due to magnetic flux inside 
the conductors. In order to obtain the total reactance of 
the electric power line, the external reactance should be 
added. This may be taken from tables prepared for use 
with circuits using copper conductors, but in general, it 
will be sufficient to add 0 . 8 ohm per mile for 60 cycles and 
0 3 ohm per mile for 25 cycles. The reactance of steel 
conductors is practically proportional to the frequency at 
commercial frequencies. 

The conductors referred to in Tables 24 and 25 are wires 
of the Birmingham Wire Gauge (B. W. G.) and cables made 
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up of suck wires, except where the sizes are given in cir- 
cular mils. There is some discrepancy betw'een the nominal 
diameters of the cables and then actual diameters, as is 
shown by the following table: 


CABLES COMPOSED OF 7 STANDARD B. W. G WIRES 


Nominal 

Diameter 

Size of Wues. 
B W G. 

Diameter 
of Wues 

Actual 
Diameter 
of Cable 

i 

’ rfectional Area 
j m Circular Mils 

i 

No 14 

masmm 

0 249 

48,200 

A 

No. 13 

BEIh 

0 285 

63.200 

A 

No. 12 

BBIH 

0 327 

S3.200 

I 

No. 11 

BtiH 

0 360 ; 

lOO.SOO 

i 

No. 8 

■■ 

0 495 1 

j 

1 

1 190,600 

1 


The Birmingham wire gauge is used largely for telegraph 
wires of iron and steel. The electrical properties of steel 
conductors of other gauges can be estimated by changing 
the values given by Tables 24 and 25 in proportion to the 
change in sectional area of the conductor. 

The tests on w'hich the curv^es of Tables 24 and 25 are 
based, were described in the following articles : 

“Effective Resistance and Inductance of Iron and 
Bimetallic Wires,” by John M. Miller, Scientific Paper 
No. 252 of the Bureau of Standards, Aug., 1915. 

“Iron Wire for Distribution and Trtmsmission Lmes," 
The Electrical World, April 8, 1916. 

“Iron and Steel Wire for Transmission Conductors,” 
by T. A. Worcester, General Electric Review, June, 1916, 
page 488. 

“Steel Conductors for Transnussion Lines,” by H. B. 
Dwight, Transactions A. I. E. E., Sept. 18, 1916, page 1237. 

“ Characteristics of Iron and Steel Conductors,” by 
C. E. Oakes and W. Eckley, The Electrical World, Oct. 14, 

1916. 

“Characteristics of Iron Wire for Transmission Pur- 
poses,” by L. W. Morrow, The Electrical World, July 14, 

1917. 











80 


TEANSMISSION LINE FORMULAS 


“Iron Wire for Short High-voltage Lines/’ by W. T. 
Ryan, The Electrical Review, Sept. 22, 1917. 

“Iron. and Steel Conductors,” by R. C. Powell, Journal 
of Electricity, April 1, 1918. 

“Characteristics of Iron and Steel Conductors,” by 
C. E. Oakes and P. A. Sahm, The Electrical World, July 27, 
1918. 

The capacitance of steel conductors is the same as that 
of copper conductors of the same size, and therefore, the 
usual tables and formulas may be used for determining the 
capacitance of steel conductors. 


Example 


Length of line 7 miles 

Voltage between conductors at receiver. . . . 11,000 volts 

Voltage to neutral at receiver 6350 volts 

Frequency 60 cycles 

Pow’er factor of load 85% 

Phases 3 

Conductor, A" ordinary steel cable. 


PuU load . . . . 

Full load amperes per cable 

Resistance of cable per mile at full load . . . 

Reactance of cable per mile at full load . . . 

In-phase current per cable 

Reactive current per cable 


200 kv-a. 
10.5 amperes 
6.0 ohms, 
from Table 25 
1 9 ohms, 
from Table 25 
8.9 amperes 
5 5 amperes 


Voltage drop per cable 


=8 9X6 0x7+5 5X1. 9X7 

(8 9X1 9x7-5. 5x6 0x7)® 
2 X6350 


=450 volts 


Voltage drop in per cent of receiver voltage 

_ 450X100 
6350 


7.1% 



CHAPTER XII 

CORONA LOSS AND VOLTAGE LIMITS 

In’ designing a transmission, line, the limitations due to 
corona should be kept in mind. If the voltage of a line is 
higher than a certain critical amount, corresponding to a 
certain voltage gradient in the air at the conductor surface, 
the air, -svliich at lower voltages is a good insulator, breaks 
down and allows an electric discharge to pass between the 
conductors. This is accompanied by a glow on the con- 
ductors which may be seen on a dark night. The energy 
of this discharge is the “corona loss” and the phenomenon 
could be represented by a conductance g per mile, between 
conductors- This conductance, however, is subject to 
large variations with changing conditions. 

It is accepted as a general approximate rule that a trans- 
mission line should not be operated at a voltage higher than 
its fair weather disruptive critical voltage, eo. Accordingly, 
values of eo are of considerable importance and are given in 
Table 26. The data in that table and in this chapter axe 
taken, by permission of the author, from the book “Dielec- 
tric Phenomena in High Voltage Engineering,” by F. TV- 
Peek, Jr. 

If a line is operated at the fair weather value of eo, then 
in stormy weather there will be considerable corona loss per 
mile, which, however, may not take place along the entire 
line m ■the case of long lines. This occasional loss in unfav- 
orable wea’ther is considered reasonable and allowable in 
most cases, and so the general rule is put for-ward that the 
fair weather value of eo is the corona limit of operating 
voltage. It is questionable if it is ever desirable to operate 
above this voltage. 
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Two values of corona loss can be calculated by the 
formula for p in Table 26, one for fair weather and one for 
stormy weather. The first uses the fair weather value of eo, 
as given directly by the equation for eo in Table 26. The 
stormy weather value of corona loss is calculated by the 
same formula, but a value of eo is used which is 80% as 
large as that used for the fair weather calcxilation. See 
the example in this chapter. 

It is evident from the values in Table 26 that a change 
in the diameter of the conductor produces a large change 
in the corona limit of voltage. Thus the steel core usually 
used with aluminum cables increases their outside diameter 
and reduces the possibility of trouble from corona. A core 
of low-priced, medium strength steel might also be worth 
while using m copper cables at high voltages, in order to 
avoid excessive corona loss. 


Example 

Conditions given: 


Number of phases . . . 

Frequency 

Length 

Spacing, triangular . . 

Conductor 

Maximum temperature . 

Elevation 

Barometer . . . 

Then 


3 

60 cycles per sec. 

100 miles 
120 in. 

. No. 0 cable, dia. 0.374 in. 
. 100° F. 

1000 ft. 

.28 85 in. 


logic -=logio 642 =2.81; 
r 

^=0.0394; 


17 9X28.85 
459+100 


925 ; 
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mo =0 87; 

eo= 123 x0 87 X0.187 X0.925 X2.81 

= 52 0 kv. to neutral, in fair weather; 

3? =0 014(e — 52 0)^ X3 kw. per mile of three-phase line, 
in fair weather. 

In stormy weather, 

eo =0 8 X52 0 =41 6 kv. to neutral; 

and 

p = 0 14(e — 41 . 6)^ X3 kw. per mile of three-phase line. 
At 10,000 ft. elevation, 20 4 in. barometer, 
eo = 36 8 kv. to neutral in fair weather, 

and 

p =0.0599(e — 36 8)® kw. per mile of three-phase line. 
In stormy weather at 10,000 ft. elevation, 
eo =0.8 X36 8 =29.4 kv. to neutral, 

and 

p =0.0599(e— 29.4)2 kw. per mile of three-phase line. 

For the above, the temperature has been assumed to be 
the same under all conditions, but the storm loss will gen- 
erally be less due to lower temperatrure, as will also the 
losses during winter. 

The corona loss calculated from the above formulas, is 
listed below for different voltages. 
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Example 

LINE WITH NO. 0 CONDUCTORS 


Corona Loss in Kw. for 100 Miles of 3-pliase Line 


between to 


Conductors Neutral 



28 

9 

34 

7 

40 

5 

46 

3 

52 

0 

57 

8 

63 

6 

69. 

.4 

75 

1 

80 

9 

86 

7 


1000 Ft. Elevation 

10,000 Ft 

Elevation 

Fair 

Weather 

Storms 

Fair 

Weather 

Stoims 

0 

0 

0 

0 

0 

0 

0 

170 

0 

0 

80 

800 

0 

90 

540 

1,700 

0 

460 

1,400 

3,000 

140 

1100 

2,600 

4,800 

570 


4,300 

7,000 

1300 1 

3300 

6,300 

9,600 

2200 

4700 

8,800 

12,500 

3500 

6500 

11,600 

15,800 

5100 

8600 

14,900 

19,600 














Part II 
THEORY 


CHAPTER XIII 
CONDUCTORS 


Three main classes of conductors are used for overhead 
lines for the transmission, of electric power; namely, copper 
wires, copper cables and aluminum cables. Steel conductors 
are occasionally used, for which see Chapter XI. The 
cables used are generally strands of 
seven wires; that is, they consist of 
a central strai^t wire with six wires 
wound spirally around it, as indicated 
by the cross section in Fig. 17. 

From this figure it is seen that 
the maximum diameter of a 7-wire 
strand is equal to 3 times the diameter 
of one of the wires 

The outside wires do not follow 
a straight path parallel to the central wire and the axis of the 
cable, but lie in a spiral around it, as mentioned above. 
As there is always a slight insulating film of oxide on any 
■wire, the current flowing in the cable tends to stay in the 
individual wires, and so follows the longer path. Thus, the 
resistance of a cable is greater than that of a solid wire of 
the same area of cross section. The amount of the difference 
depends on the number of wires in the cable and the pitch of 
the spiraling, but an average value of 2% is assumed in mak- 
ing up the tables in Part III. The cross section of the cable is 

85 



86 


TRANSMISSION LINE FORMULAS 


assumed to be equal to the siim of the cross sections of the 
individual wires. The weight per unit length of the cable 
calculated from this cross section must be increased by the 
same percentage as the above increase in resistance, due to 
the extra length of the outside wires. Since the cross section 
in Fig. 17 does not cut the outside wires exactly at right 
angles, their sections as shown in the figure are really 
ellipses, and the diameter of the cable is slightly greater 
than 6pi. However, this difference is small and has been 
neglected in the figures for diameter of cable tabulated in 
Part III. 

The number of wires in a strand varies in practice accord- 
ing to the degree of flexibility and mechanical strength 

desired by the user. The number 
of wires per strand in the tables 
represents average practice for 
overhead lines. The larger cables 
have 19, 37 or 61 wires. See Table 
904, A. I. E. E. Standards, Edition 
of 1922. 

The section of a 19-wire strand 
is shown in Fig. 18, and it is seen 
that the maximum diameter is 5 
times the diameter of one of the 
individual wires. The same in- 
crease of 2% in resistance is allowed as with a 7-wire 
strand. 

There is only a very slight difference in the reactance 
and capacity of a 7-wire and a 19-wire strand of the same 
sectional area, so that values listed for 7 wires may be used 
for 19 wires, and vice versa, without very much error. 

The resistances for direct cxnrent tabulated in Part III 
have been calculated in accordance with the recommenda- 
tions of the Bureau of Standards for the preparation of wire 
tables.* The Standardization Rules of the American Insti- 

* “Copper Wire Tables/' Circular No- 31 of the Bureau of Standards, 
1914, and para* 9060, Standards of the A. I E- E-, 1922. 
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tute of Electrical Engineers are in agreement with these 
recommendations. According to the Bureau of Standards 
and the A. I. E. E., the “Annealed Copper Standard,*’ 
which is of lOO^o conducthdty, is represented by a resis- 
tmty of 0 15328 ohm (meter, gram) at 20“ C. This is 
equivalent to 1 7241 microhm-centimeter at 20“ C., assum- 
ing a density of 8 89. The conductivity of hard drawn 
copper recommended for wire tables by the Bureau of 
Standards is 97 . 3%, this value representing an average for 
good commercial copper. The average conductivity given 
by the Bureau of Standards for hard drawn aluminum on 
the centuneter cube basis, assuming a density of 2.70, is 
61%. The above values have been used in preparing the 
tables in Part III, 2% being added to the resistance for the 
effect of spirahng, as already noted. 

If it is desired to calculate the resistance of copper con- 
ductors for other temperatures than 20® C., the tempera- 
ture coefficient, a 2 Q , for hard drawn copper of 97.3% con- 
ductivity should be used in connection with the formula 


JRt — R 20 { 1 (t — 20) I 

where t is the temperature in degrees Centigrade for which 
the resistance Rt is desired and where 

a2o = 0 00382. 

For other initial temperatures and other conductivities, 
temperature coefficients should be used as given in the 
table of temperature coefficients in Part III, which is taken 
from Table II, Circular No. 31 of the Bureau of Standards. 

For the temperature coefficient of hard drawn aluminum, 
a value of 

a2o ~ 0 • 0039, 


which is recommended by the Bureau of Standards, may 
be used. 
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THEORY OF CONVERGENT SERIES 


The well-known fundamental formulas for a transmis- 
sion line without branches, in which the load is dehvered 
only at the end of the line, are as follows : 


E,^E cosh ^YZ+—^=IZ anh VFZ, 

VYZ 

and 

J. =7 cosh Vy^H — ^=EY sinh VYZ, 

VYZ 

where 

E, and 7, are the voltage and current at the supply 
end, 

E and 7 are the voltage and current at the receiver 
end, 

Y is the line admittance 

and 

Z is the line impedance. 

The above equations have been published at various 
times. They are obtained as follows: 

Let 

r== resistance of conductor per unit length, 

and 

X = reactance of conductor per unit length. 

Then 

z=r-\-jx 


Let 

and 


= impedance of conductor per unit length. 

leakage conductance from conductor per unit 
length, 

&= capacity susceptance of conductor per tinit 
length. 
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Then 

y=g+jh 

= admittance of conductor per unit length. 

Let 

voltage of line at a distance Z from the receiver 
end, 

and let 

Ii=Pi+jQt 

= current in the line at a distance I from the 
receiver end. 

(Since h is usually not in phase with the voltage, it 
must be esqiressed as a complex quantity.) 

Now in an element of length, dZ, of the line, the voltage 
consumed by impedance is 

dEi=zI4L 

The current consumed by admittance is 

dJi^yEdl. 

Thus 

dEl y 

sr 

and 

(2> 

Differentiating (1) 

d^Ei dll 

'W~^dL' 

Substituting (2) in this gives 


d;^Et 

dP 


zyEi, 


(3) 


This is a differential equation of the second order and 
may be expressed in the form 

(IP—yz)Ei=‘0, 

El = +Az€-*-^, 


and we have 


(4) 



90 


TRANSMISSION LINE FORMULAS 


and from (1), 




1 dEi 
z dl 




Now at the supply end, 
yi-Y, 
zl=Z. 

E,^Aie^^+A^€--Y^, . . . 

I. = \l^(Aie^-A2e-^). . 

At the receiver end, 


and 

Therefore, 

and 


Z-0 

and 

E=Ai+A2, 

and 

J = >J|(Ai-A2) 

Frona (6) _ 

E, = i(Ai +A2) (e^y^ + e-^) 

+KAi-A2)(e^^-e-^), . 

which, by the definition of cosh 0 and sinh 0, is 

(A 1 +A 2 ) codi VTz+CAi-As) sinh VTZ 

Therefore, from (8) and (9), 

E, =E cosh VYZ A — i=:7Z sinh VYZ. . 

VYZ 

Similarly, .from (7) 


• • (5) 

• • ( 6 ) 

• - (7) 

■ (8) 

. . (9) 

. ( 10 ) 

. ( 11 ) 
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. . . ( 12 ‘ 

= J cosh VYZ+-^EY sinh \'YZ . . . (13 ' 

VYZ 

Equations (11) and (13) are the fundamental formulas of 
transmission lines, as generally written. 

Now 

^V55_|.^-Vr? 






Similarly 


.2V7?(i+|| 


jV55_^— V5ii 

Y^Z^ 

■•■2.3 


Substituting these results in (10) and (12), we can 
express the fundamental equations as follows: 


p - f(i 1 I I 

" 2 ■‘■ 2 - 3 - 4 '*‘ 2 - 3 - 4 - 6-6 


ysjgs 


-}-etc. 


\1 "'■2 • 3 "*■ 2 • 3 • 4 • 5 "*"2 • 3 • 4 • 6 • 6 • 7 


.) (14) 




1 , FZ , Y^Z^ , ^ \ 

2 “*" 2 * 3 - 4 “*‘ 2 * 3 - 4 - 6 * 6 ‘^ * / 


+EY 


(1+^ 

\ ^2-3 


Y^Z^ Y^Z« ^ 

^ 2 - 3 - 4 - 5 ^ 2 - 3 - 4 - 6 - 6 - 7 ^ 


.). (15) 


See references to T. R . Rosebni^, J. F. H. Douglas^ and C. P. Stein m etz, 
Chapter VI. 
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Equations (14) and (15) are the same as those tabulated 
in Table 6 for obtaining E, or A +jB, and I, or C 4-jD. 
For no-load values, aU that is necessary is to put the load 
current, I, equal to zero. 

When conditions are given at the supply end, the same 
equations for full-load conditions are obtamed, except that 
the second half of the expressions for voltage and cmrent 
is negative, since power is now flowing away from the point 
where the voltage is specified, instead of toward it. Thus 
we have the series for F -\-jH and M -i-jN. 

At no load, the conditions are really not all specified at 
the supply end, but the current is specified to be zero at the 
receiver end, and this necessitates the use of special series. 
From Table 6 we have the ratio of the voltage at the two 
ends of the line. 


Eoa Ao -j-jjBo 

~W E 


= 1 


0 


YZ 

2 ‘^2-3-4 



This ratio is independent of the voltage E, and depends 
only on the constants of the line. Thus, if E„ the voltage 
at the supply end at no load, is given, we can obtain the 
no-load voltage at the receiver end from the equation. 


or 


E 

Eo 


^ = (1 + 


YZ . Y^Z^ 


2 2-3 4 

YZ Y^Z^ 
"^2 "^2 3-4 


etc.^ , 


-j-etc. 



which, when expanded by the binomial theorem, gives 
Eo =Fo +jHo 

=F.(1 -iYZ +-^Y^Z^ -MtY^Z^ +miY^Z* -etc.). (16) 


as in Table 7. 
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The no-load current at the supply end is 

=EoI-(l +^2+g.|:^^ete.). 

as in the equation for Cu +jDu. 

Substituting the value of Ed from equation .Id we have 


lo, =E.Y{l-i YZ+s\Y'^Z‘^ -^%\-Y^Z^ -f -etc.) 

^ /■ YZ Y^Z‘^ Y^Z» 

3'2 3*4:*5*0*7 

Y^Z* 


2-3-4: 5 (5 


5 7 


Multiplying the two series together by the ordinary 
algebraical method, we obtain 

los— M 0 +j?A^o 

=E,Y(1 -iYZ+-isY^Z‘^ - i'^Y’^Z^+AHY^Z* -etc.) 

as given in Table 7 of convergent aeries. 

When the supply voltage and the receiver load are 
given for a long transmission line, as in Table 8, we have 
the following equation, as in Table 6: 

Supply voltage = +^+ 2 "^. 4 ^ + • • •) 

+(p+je)(jj+ix)(i+||+2^+ ■ . ■), 

Supply volto^e „ , ■ ■ ■) 

= + (f* +. 7 Q) iEi 


as indicated in Table 8. 
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The absolute value of the supply voltage is the known 
quantity E,. Find the absolute value of 


( 



Es 


F2Z2 


2 3-4 



and let it be Eg. Then 


Ec^ = (E+PR^ -QXi)2 + (PXi -\-QRiY. 

This is the same form of equation as in the derivation of 
Table 3 in Chapter IV, and so the remaining formulas of 
Table 8 are derived, as shown in Chapter IV. 

Lines Connected in Parallel. — When two or more long 
transmission lines are connected in parallel, the constants 
of the combined circuit, based on the exact hyperbolic 
theory, can be written in a form similar to that for a single 
transmission line. This was described by Prof. T. R. 
Rosebrugh in the Engineering Research Bulletin, Uni- 
versity of Toronto, 1919. He also gave methods of calcu- 
lating the combined constants of groups of transmission 
lines in series, series-parallel and in networks of different 
kinds. 

From the first part of Table 6, or from equations (11) 
to (15) of this chapter, we have 


and 

where 


E,=Ea+Ip, 

I,=Ey-\-IS, 


a 5 l-h 2 +2-3*4"*" ' 
= cosh VYZ 

YZ . Y^Z^ . 


/S 


1 + 


^ir ■ 2-3 ‘ 2-3-4.5 
= ^sinh VYZ, 



(17) 

(18) 
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and 


.=r(i 

“4 


YZ . Y^Z^ 


23 2-3-4o 
sinh -yrz 


Y0 
Z * 



The above constants are for a uniform transmission 
line, without transformers. If the line is not uniform, or if 
transformers are included in the circuit, a will in general 
not be equal to S. For such cases, which represent circuits 
in series, use the general method of Table 13, or of Section 
III of the paper by Prof. Roseburgh referred to above. 

For a check on numerical computations, it is useful to 
note that 

ar5-/3Y=cosh2 VFZ-sinhs vTI = l. . . (19) 

Let there be two long lines connected in parallel, which 
may have different routes and lengths and different azes of 
conductors and pacings. The receiver voltage E will be 
the same for both lines, as will also the supply voltage E,. 
The total current at the receiver end is 


I^h+h, ( 20 ) 

where h is the current in the first transmission line at the 
receiver end and I 2 that in the second line. Similarly, 

I,=I,i+T^ ( 21 ) 


■ The above quantities are in general complex quantities. 
From 17, 

f Eg Eai 


and 


ut 


I 2 = 


/Si iSi * 
Eg EcX.2 




( 22 ) 

(23) 


1 

ft 


and — = < 
/Sa 
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From equation (20), by adding (22) and (23), 

I =Fs(ei +€2) — ^(aieiH-asea). 

Therefore, 

JEJ _ -B^(«i^i+« 3^) _| J . ( 24 -S 

(ei + . 2 ) ^(ei+eO* • * • 

Or, 

Et=Eao+I^o, (25) 

where 

i8o=— (26) 

ei + ez 

and 

ao = (aiei + 0 : 262 ) /So (27) 

From (18) and (22), 

lal —TiSi -j-Eyi 

=Eadiex — EaxSiei -j-Eyx- 

Similarly, 

7*2 =F?«5262 — Ea 2 S 2 e 2 -\-Ey 2 ‘ 

Adding together, 

J. =1.1 +7.2 


=-H?.(5 i 6 i + 8262 ) — F(o:i5iei + 0 : 23262 ) +F('yi +'y2), 
or, from (24), 

j 7('(o;i 61+0:262) (3x61 +3262) I 7(3iei + 3263) 

(61+63) (61+62) 

— EioixSxfx +0:23262) +-F(yi +Ya) 

=Fyo+ 75 o, 

where 

TO = (n -h-yz) — (ocidiei + 0 : 35262 ) + (3ie3 + 3362 ) 0 : 0 , . (28) 


and 

3o = ( 5iei + 3262 ) jSo (29) 

It IS now desirable to show that 

<xo So — /Soto = 1 (30) 
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We have, from (29), 

ocqSo = (5iei-4-S2e2)QO/3o^ 

and from (28), 

— jSo'yo = (q:i5i«i +Q!25ie2)0o — ('Ti 4~52€2)oi(*,3o- 

Therefore, 

Qio^o — j3oto = (aiSiei +a!252«3)/3o — (yi +Y2)3o- • < 31) 

If each side of this equation is equal to 1, then 

(aiSiei -l-«2 32ej) — (yi+Ts) =-^ 

j3o 

= ei 4" 63- • • • 1 32 ' 


Now 


otiSiei — Yi ~ €i(ai5i — jSiYl) 


= ei 

by equation (19) for xiniform transmission lines. Similarly, 


«2 — T2 = €2^ 

and so equations (32), (31) and (30) are ^own to be true 
for uniform transmission lines in parallel. This theorem is 
capable of extension to more comphcated eases. 

Equation (30) gives a useful check on the correctness 
of numerical values of the constants, or it may be used to 
give a shorter formula for yo, namely, 


Yo 


aoSo — 1 


(33) 


as given in Table 6. 

If there are n lines in parallel, the constants ao, 0o, yo 
and So for the combined circuit are derived in the same way, 
and are 


i5o 


1^ 

€i4-62 4“ . . 


4-eB 


(34) 


ao = (oii^i 4"ce2e2 4" • • • 4”0!»e»)j3o* ...... (35) 

YO = (yi4~Y2 4“ • • • 4”Y«) — (q:i5i6i 4"0!2 5262 4“ ■ • • QfnSaC*) 

4" (Sid 4“ Sica 4“ ... 4“ 5«®»)ofo. ... (36) 

5o “ (^i*x 4" Saead" • • • 4"3«€i»)i3Q. ...... (37) 
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For a clieck on numerical values, we liave the equation 

oLo 5o — Poyo = 1 (38) 

or this may be used to give the following short formula for 


^o: 

as in Table 6. 


ofo 5o — 1 


(39) 


The voltages and currents for the combined circuit are 
now given by 

E,'=^Eoco-\-Ifio’=A.-^jJB, . , • . (40) 

and 

I» ^Eyo ~\~I Sq = C -\-jD (41) 

Thus, the characteristics of the group of parallel lines can 
be calculated exactly as if there were only one equivalent 
transmission line, using the full load formulas of Table 4, 
or using Table 11 if the problem relates to a constant- 
voltage system. 



CHAPTER XV 

TRANSMISSION TINR PROBLEMS 


When conditions are given at the receiver, or load, end 
of a transmission line, the convergent series of Table 6 give 
at once the voltage, A+jB, and the current, C -hjD, at the 
other end of the line. By putting the load current equal to 
zero, we obtain the following expression for the no-load 
voltage at the supply end: 


Thus the ratio of the voltages at the two ends of the line at 
no load is 


Ao+jBo^(^ , YZ 

E V 2 


2 - 3-4 



( 1 ) 


which is independent of the voltage E, and depends only 
on the constants of the line. 

The absolute value of a complex quantity like the volt- 
age Ao-^-jBo, is its total numerical value independent of its 
phase relation. This is the same, in the case of the voltage 
Ao+jBo, as its measured value, and is equal to 


VAo^H-Po®, or Ao 


to a very close approximation when Bo is smaller than Ao. 
Since the two complex quantities making up equation (1) 
are equal in all respects, their absolute values are equal, 
and hence 


Ao-+ 


2Ao 


E 


= absol. value 


of (] 


YZ , Y^Z^ 


2 - 3-4 


-etc 




( 2 ) 
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Wten the line is carrjdng ftill load, the measured value 
of the receiver voltage is E, and of the supply voltage, 

J02 

A If the load be thrown off and the supply voltage 


be kept constant at 


A + 


jB2 

2A 


, then the receiver voltage will 


rise to a value Eq. The line is now at no load, and the ratio 
of the voltages at the two ends is, by equation (2), 


A 




2A 


Eo 


= absolute value of 
Bo^ 


( 


14 


YZ . 


2Z 4 


"etc«^ 


Ao- 


2Aq 


Thus 


E 


B^ 


Eq ■ 


2A 


Ao' 


2A.0 


■E 


(equation 2, Table 4) . 

We are now in a portion to obtain the regulation of the 
line, since by the definition in the A. I. E. E. Standardiza- 
tion Rules, 

Per cent regulation = — - g - — X 100. 


Thus, the regulation volts at the receiver end, which are 
to be expressed as a percentage of E, axe 


52 


Eq — E =• 


2A 


Ao- 


5o2 


E-E 


2Ao 


as in equation (3), Table 4. 

It is often desirable to find the regulation of a line at the 
supply end, that is, the per cent change in supply voltage 
from full-load conditions to no-load conditions, when the 
receiver voltage is kept constant. If the receiver voltage 
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Is E,vre have seen in the preceding paragraph that the full- 
load supply voltage is equal to 

and the no-load supply voltage is 

Eo. =Ao 

The per cent regulation at the supply end is 


and the regulation volts at the supply end are, thus 


E,—Eo,=A 



Ao 


Eo^ 

^o’ 


as in equation (6), Table 4. 

In the expression C +jD for current at the supply end, 
the quantity C denotes the component of current which is 



in phase with the voltage E at the other end of the line. 
We can, however, find the component of supply current 
which is in phase with the supply voltage, by first finding 
the watts at the supply end. 
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Let the supply voltage be 


and let its phase be denoted by the angle d, Fig. 19, where 


and, therefore, 
and 


tan 

sin 

cos 



A_ 


Similarly, let the current at the supply end be C+jD, 
at a phase angle where 

tan 


and, therefore 
and 


sin 4> = 


cos <i> 


D 

VC^+D^ 

C 


The watts at the supply end are equal to the current, 
multiplied by the voltage, multiplied by the power factor; 
that is, 

Watts = absolute value of 7, X absolute value of Eg 
Xcos — 

— V +7)2 X V A® -\~B^ X (cos <t> cos 6 +sin ^ sin 6) 

= VC2 +I>2 X VA* +B2 

f D B I 

. Vc^+D^ VaFTB^ VA^+B^} 

=AC+BD, 

see equation (11), Table 4. 
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Xtie quadrature volt-amperes, or reactive power, are given 
by the following equation : 

Reactive volt-amperes 

= absolute value of J, Xabsolute value of E, Xsin (,<5 — 

= VC3-i-X)2 X VaF+B^ (sin <f> cos 6 — cos ^ sin 5) 

= -|-Z>2 X VAs 4-jB3 

r -p 4 s 1 

i VjL3-f-i?2 VA3-I-S2 , 

= AD-BC. 

When the expression AD —BC has a negative value, the 
current at the supply end is lagging behind the supply 
voltage, and when the expression has a positive value, the 
current leads the voltage in phase. 

We can now obtain the .in-phase component of current, 
which is equal to watts divided by voltage (equations 15 
and 16), and in the same way the quadrature component 
of current, which is equal to reactive volt-amperes divided 
by voltage (equations 22 and 23). The power factor at the 
supply end is equal to watts divided by volt-amperes 
(equations 13 and 14). Since the power supplied is Icnown, 
being AC+BD, and the power delivered at ihe receiver is 
also known, being equal to EP, their difference represents 
the loss of power in the line due to resistance of the con- 
ductors, leakage over the insulators and corona loss. 

The equations in F, jET, Jlsf and N are quite similar to the 
above equations in their derivation, and they give the solu- 
tions of similar problems when conditions are given at the 
supply end of the line. 
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REACTANCE OF WIRE, SINGLE-PHASE 

Effect of Tim: in Air. — Let there be an alternating 
current, I, in the transmission line wire. A, indicated in 
p Fig. 20. 

The magnetic field set up 
by the current at P, a distance 
^ ^ away from the wire, will be 

A at right angles to the wire. 

U I ->} The intensity of the field will 

l<jQ, 20. equal to the force on a unit 

magnetic pole at P due to the 
current in the wire. The force due to the current in a 
dhort length, dl, of the wire will be 

Idl ^ I 
— ^ cos 6 =— cos Bdd, 


Fio. 20. 


smce 


dl cos 6=rd9 


cos d' 

The total force at P due to the current in the wire A is 
equal to 

r^I cos Bd9 , , . . .X 




(where a; is a constant) 


_ sin e ja 
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where I is measured in absolute electromagnetic units. 
TMien / is in amperes, the field at distance x is 


21 

10a; 


lines per sq. cm. 


. . ( 1 ) 


In Fig. 21 is shown the cross section of a single-phase 
transmission line. The lines of force in the path of thick- 
ness dx surrounding the wire A are 


21 

10a; 


dx 


per centimeter of the transmission line. These lines cut 


I \ 


A i"' 



% 


5 -\V 


< 

Fig. 21. 




the wire A and produce an alternating voltage in it which 
is 90° out of phase with the emrent and is equal to 

/w— da;XlO~® volts, 

X 

where w =2jr X number of cycles per second, and where I is 
in amperes. 

The voltage drop between the wires A and due to 
flux in the air produced by the current in Jl, is obtained by 
integrating the above expression from x=p to x=s. The 
integration is not carried beyond a;=s, since flux which cuts 
both A and the return wire B does not produce any voltage 
between them. The voltage drop is equal to 

C jco— dx X10-® =ieo2J logh - X 10-® 

Jp ^ P 

where “logh’* denotes the hyperbolic or natural logarithm. 
Note that 


logh 0=2 3026 logio a. 
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There will be an equal drop due to the flux produced by 
the current in the wire B, so that the total drop due to flux 
in air is 

joAI logh - X 10~® 

p 

volts per centimeter of line, 

=2ia.x741.1 logjo-XlO"®, .... (2) 

P 

volts per ampere per mile of single-phase line. 

In order to show that it is mathematically correct to 
use the distance s between the centers of the wires, in formula 
(2), it is necessary to find the average value of lo^ w, 
Fig. 22, where v is the distance from the center of wire A 



to any point P on the section of wire B. First, let P be a 
point on the circle of radius u, that is let u be constant. 
We have 

=^+u^—2us cos B 


since 

Then 


= -l-w* — —nse~^ 


cos e = +e~^). 


s2 


1 


W W '—HO I 

— e» — e-^ — 5 
s s 


Now 




logh (1 —x) = -(x- 


, a® 







n 
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Therefore, 

2 logh r =2 logh s - (-&>* -i-i + . . . -f 1 + . . . ) 

\s J s- ri s" ' 


logh V =logh s 


/w ,1 w- 

-(-/ '^+ 27 / ' + 


n 


- (- cos 5+^ — cos 29+ . . 
\s 2 S 2 


+ 


1 ^ 
n s“ 


cos ne + 


. . .) 
• ■)• 


Multiply this expression by the element of area ududd at the 
point P, and mtegrate from 0=0 to 9=‘2w. The cosine 
terms vanish, and the result is 27rw {logh s)dii. Now let u 
vary, and integrate from u=Q to u=p and the result is 

lo^ s. Divide by the area of the circle, irp-, and the 
average value of logh v is found to be exactly logh s. This 
is in agreement with the calculation of “proximity effect,” 
in which the distortion of the current in one wire by the 
proximity of the current in the nei^boring wire, is calcu- 
lated.* The proximity effect is negligible in overhead 
transmission line conductors. 

Effect of Flux in the Conductor. — Let i be the current 
per unit area of section at any point in the wire shown in 
Fig. 23. (For the present assume that i is the same at all 
points of the section.) 

The total area of section of the ware is irp^ and therefore 
'the total current in the wire is 


/=7rlp3. 

The total current inside the circle of radius x is 

1 1 

This is the only current forcing flux arotmd the circular 
path of width dx, since currents flowing nearer the surface 
of the wire do not tend to produce magnetic lines in a path 

* “Proximity Effect in Wires and Thin Tulies,” by H. B Dwight, Tranaacr 
tions, A. I. B B., 1923, p. 850. 
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which does not surround them. Thus the fliix density at 
the radius x is 

2Ii _ 2irix^ 
lOx lOx 


2-rix 

1o"‘ 


The total flux in the outer ring of the section is 



2irixdx 

10 


7d(f^ -x^) 
10 


This cuts the element dx of the wire and produces a voltage 
along it equal to 

y&jjrtXp®— volts per cm. ... (3) 


This voltage leads the current by 90° in phase at all sec- 
tions. It is greatest at the center 
and zero at the surface and so is 
an unbalanced voltage; it there- 
fore causes a local quadrature 
current to flow along the center 
of the wire and return near the 
surface. 

Let the local current at the 
element dx be per unit area 
of section. Then the average 
voltage drop along the wire due 
to the flux inside it and the re- 
sulting local balancing current, is equal to 



Fia, 23 — Section of Wire. 


juILi a^)10-®-l-f^)r, 

where Li is the self-inductance of the wire due to the above- 
mentioned flux inside it, and where r is the specific resist- 
ance of the metal in centimeter units, that is, the resistance 
n ohms of a centimeter cube of the metal. The current 
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adjusts itself so that the drop is the same at all parts of the 
section. From the last equation, we have 


since 




I 


= 7rlp*‘. 


(4-. 


As i(x) is a local current in the wire, and does not increase 
or decrease the main eiurent 7, its sum when added up all 
over the section must be zero, and thus 


that is. 



27^x^^Jcidx = 0, 


r (p22,j2._p2jjio-®+x310“®)<7r =0. 
r Jo 


Now Jj\ is a constant, independent of x, and so 


p4£,i -p4io-9-i-^10-s = 0. 

Therefore 

1,1=1x10-9 (5) 

The voltage drop between the wires -4 and B due to the 
flux inside both wires is 


2juILi —2jal X J XlO-9 volts per cm. 

=2io)X80 47xl0-« 

volts per ampere per mile. The total reactive drop between 
the wires is thus 

2io>^80.47 +741 1 logio^^ XlO-6, ... (6) 

volts per ampere per mile of single~phase line. 

This may be written in the following form which is more 
convenient for computation by means of logarithm tables: 


Reactance drop =27ci> X741 . 1 logio Q X 1 0 -®. (7) 

volts per ampere per mile of single-phase line. 
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The above is the usual formula for reactance of a single- 
phase line. The proof is longer than that generally given, 
but it has the advantage of giving a correct idea of the 
distribution of current and magnetic flux inside the wire. 
As the irregular distribution of current produces the “skin 
effect” described in the next chapter, and necessitates slight 
corrections in the above formula for reactance and in the 
resistance, the importance of calculating the correct cur- 
rent distribution is evident. The above formula is suffi- 
ciently accurate, however, for calculating the tables of 
reactance of wire in Part III. 



CHAPTER XVH 


SKIN EFFECT 

In' the last chapter a local quadrature current wa-« 
assumed, whose resistance drop balances up the unequal 
voltages produced at the center and near the surface by 
the flux mside the wire. This local cuiTcnt, nhen 

added up over all parts of the section of the wire, amounts 
to zero, and so cannot produce magnetic lines in the air 
outside the wire. But it can produce lines mside the wire, 
and the effect of these will now be calculated. 

The reactive drop in one wire due to the flux inside it 
produced bj’ the main current i is 

jcoirlp^Li =J&3srlp® x4 X 10 volts, 
where t is m amperes. 

Then at a distance x from the center we have, from equa- 
tion (4), Chapter XVI, 

X 10 -9 ) X 1 0 

This is a lagging current at the center and a leading 
curi'ent at the surface, and it equals zero when integrated 
over the entire section. 

The current qai, integrated over the circle of radius r, is 
= jT' X 10 -s ^ -|-.r®)dr 

= X 10 ^ +1^'^ . 

Ill 
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The flux density at the element dx, due to the above c\ir- 
rent, is 

The flux in the ring outside of the circle of radius x, due 
to IS 

^u) 10-^J'*(-p^x+x^)dx 

_jc^ilO-^/ p* fPx^ . p-* 

lOr V 2 ■*" 2 "*■4 4 y 

~ +2p2x2 -rc^). 

This flux produces a voltage at the element dx, equal to 


coSw^ilO-is 


(-p^+2p^x^-x^) (1) 


A local current, will flow in order to keep the volt- 
age drop uniform over the section. Let the average drop 
due to be 

jalLz =Jtt}T p® i Tj2 J 

then 

fl— 18 

(p* — 2p2a;2 +0:4) . . (2) 

Int^rate over the entire surface and as it is a local 
current 

r 2jrxi(2r)dj;=0 


Therefore, 


p pSLaxcte 
^ Jo 

w“7rH'io-i8 

2r® — Jo 


jL^p* = /f! _£! + A 
^ 2r \2 2 ^6 )’ 
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and 

Thus 


Z/3 = 


. 1 CiiTTp^lQ-^® 

■•^12 r 


(3) 


«WlO-is 


(2p4-6p2x2+3a;*). . . (4) 


This current is in phase with the main current and, as it 
is negative at the center and positive at the surface, it 
produces a stronger resultant current near the surface of 
the wire. This is the well-known “skin effect.” The 
effect of the quadrature current is to increase the result- 
ant current both at the center and near the surface, but its 
effect is not as large as that of the in-phase current i( 2 *) and 
so the net result is a crowding of current toward the surface. 

The above process may be continued indefinitely, each 
step adding a smaller correction than the one before to the 
current at radius x and to the average drop in the wire. 

Thus the expression for equation (4), may be inte- 
grated over the circle of radius x, and will give the value of 
J( 2 a). This current produces a flux density at the radius r, 
and by integrating this ovot the outer ring of the section, 
the value of ^( 2 ® is obtained. The flux ^( 2 *) produces an 
unbalanced voltage which must be corrected by a local 
current so as to give a uniform drop over the section, 
due to the inductance Lz. ^Equating the total local current 
to zero, as before, gives 

^ 48 r* • 

In the same way it is found that 

, . 1 «3,r3p610-88 

-^180 

and 

, _ 13 o.^y*p810-« 

8640 r* 
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Let the resistance of the wire per centimeter be R, where 


and let 


= - ^ ohms per cm., 

7rp" 

COTTP-IO 

m= 

r 


R • • 


( 5 ) 


Then the total drop in the wire is 

= Ji? +yw/10 ^2 logh ^ 

)’ • • • ® 

volts per centimeter. 

The total drop in phase with the current is 

Jfl(l+Am=-jL^+...) (7) 

The total copper loss due to all the currents in the wire 
is therefore equal to 




+ 



This can be checked by integrating the losses due to the 
total in-phase and quadrature currents in all parts of the 
section of the wire, the above result being obtained by this 
method also. Thus, in every respect, both as to voltage 
drop and watts loss, the resistance of the ^\Tre to the alter- 
nating current is 


Values of R' for both 25 and 60 cycles are tabulated in 
Part III. "When taking the resistance of a conductor from 
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the tables, R' should always be used for alternating current, 
and R should be used only when the conductor carries 
direct current. 

The total drop in quadrature with the current is 


. . .) 

=j<o/10-»{2 logh ^ +i(l 
The series 


1 1 o , 13 . 

l-24''‘-+4320''‘‘---- 



(S' 


is thus a correction factor for the terra | or 80.47 in the 
ordinary formula for reactance. Its effect is too small, 
however, to make any appreciable change in the tabulated 
values of reactance. 

Proof by Infinite Series. — The above formulas for the 
resistance and inductance of a wire carrying alternating 
current are sufl&ciently accurate for transmission Ime calcu- 
lations with ordinary frequencies. They may also be 
extended to include more terms without undue labor. How- 
ever, as skin effect formulas axe generally obtained and 
expressed by means of infinite series which can be carried 
out to any degree of accuracy for high-frequency work, a 
short outlme of the derivation of the infinite series will be 
given. It will prove a check upon the correctness of the 
formulas given above, but it will probably not give as clear 
an idea as they do of the actual distribution of current in 
the wire. 

Let an alternating current, I, of sine wave form and of 
steady value, flow in a round wire of radius p. ( See Fig. 23, 
Chap. XVI.) Let it take up such a distribution that the 
drop at all parts of the section of the wire, due to resistance 
and to magnetic flux, is the same. Then if i' be the current 
density at radius z, we may assume 

—ao+aiz^+azx^+ . . . -t-ctnX®"-!- . . . 
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■where ao, ai, . . . an, etc., are constants, independent of x. 
(As the same value of i' would be obtained for both +x 
and —X, only even powers of x need be assumed for the 
series.) 

The total current in the part of the section inside a 
circle of radius x will be 

2irxi'dx 

= + — + . . . 



The flux density at the radius x is 


21 ' 

lOx 


27r 

10 



aix^ 

2 




J an-xX^^-^ 

n 



and the total flux in the outer ring of the section, outside 
the circle of radius x, is 


*'-X' 


lOx 


10 


10 


^oop' 


,2 , aip^ , 02P' 


rH 




23 

a\x^ 


32 


22 • 32 





( 10 ) 


The drop at radius x due to the flux 4>' is 

j«^'Xl0-8 

and the r^istance drop due to the current at the same 
part is i'r. Thus the total drop per centimeter of wire, 
which is the same at all parts of the section, is 
V —ju4^'10~^+i'r 


*=y«3rl0-»^oop®+oi^+^|^+ . . . ^ 

-,W10-(ao^+^+^+ . . . +^+ . . .) 
+r(ao+ai«2+a2a:*+ . . . +a„«2»+ _ ... (11) 
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The above expression for V is the same for all values of x, 
and we may therefore equate each coeflBcient of x^, ar*, etc., 
to zero. Thus, putting 


we have 




=m. 


ai 


Omao 


az 


jmai 

2V’ 


a» 


_ jrrui„-i 

* 


and 


etc. 


y=aor+jW10-9(oop2+^+ . . . 

Substituting the values of ai, aa, etc., we obtain 
Y =oor+jir6jl0~® 

.jmaaf? , {jnifaoi? ^ _l 

([2)2 "* ^ n ,^'>3 T" 


aop' 


= aor 




(|_3)^ 


(L«)^ 

f iW2)» 


•j 




( 12 ) 


([2r (13)2 ^ (1^)3 

Now by putting x = p in the expression for J', equation 
(9), we obtain the value of the total current in the wire. 


J =5r^aop® 


Olp^ , fl2P® 


+ 


di—tP 


.Sn 


^23 
= xaop2 1 1 
Therefore, 


1 . , 3(im)2 

J- I XI r>\r» T" 


... 4 


» ••) 

n(jm)"-^ I 

(Ijl)^ +•••}■ 




xp^j] 


2jm . 3(im)^ 
■(12)2'^ (13)2 


([n)® 


1 • 

— H . . . “ 
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Substituting this value of oo in equation (12), and putting 



the resistance per centimeter of the wire, we obtain 


V^IR 


l+i«+{/|5r + 


1 4 - 4-3 < 


( jmY 

n{ jmy^~^ 

(Iw)^ 



This expression can evidently be carried to any accuracy 
desired. It vtall give the same results as were previously 
obtained in equation (6), by expanding the denominator as 
a binomial of the form (1 +») and multiplying by the 
numerator. This gives 


or. 


V ^IR{1 +hjm -*( jmy +*( jm)3 

~V8Tr( 

F=/i?(l+TV»i2-T^-ffWJ'‘+ . . .) 


This is the voltage drop, omitting the effect of the flux out- 
side the wire, and is the same as the value pre^'iously 
obtained. (See equations 7 and 8.) 

The series of (13) can be expressed as Bessel functions. 
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Skill effect formulas for non-magnetic wires are very 
closely applicable to round cables of non-niagnetic material. 
It IS e^udent that the formulas apply to solid wires of either 
copper or aluminum, by using the proper value of /% the 
resisthuty. A copper cable is really a mixture of copper 
and air, and if a higher value for the resistivity be used, 
corresponding to this mixttu*e, then the skin effect can be 
quite closely calculated, for the emrent distribution in the 
round cable ’svdll be ver 5 ’^ similar to that in a round wire. 
This has been closely cheeked by test, in^ee Fig. 9, “Experi- 
mental Researches on Skin Effect in Conductors," by 
A. E. Kennelly, P. A. Laws and P. H. Pierce, Transactions 
A. I. E. E., 1915, page 1971. The correction for spirality 
is inappreciable for cables used in overhead transmission 
Imes, at commercial power frequencies. 

The choice of values for resisthdty and cross section of 
the conductors may be avoided by expressing the formulas 
in terms of the resistance of the conductor per unit length. 
Thus, if in the formulas in this chapter, one uses equation 
(5) 

colO-o 


m 


R ’ 


the value of the resistmty is not required, but only the total 
resistance of the conductor per unit length, which is usually 
known accurately. This gives the most convenient way 
of calculating the skin effect of roimd conductors, and it 
also provides a means of allowing for the effect of changes in 
resistance due to temperature and other causes. 

Compact engineering formulas for skin effect in round 
non-magnetic conductors at commercial frequencies can 
therefore be given in terms of the resistance per mile of the 
conductors: 

^-1 . 3 07 7 5 , 54 

Roc ■^ClOOEtfO" a^Ra.Y {lOORacY 

for 60 cycles (14) 

and 
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Rjc _ . 0 53 13 9 _ 

C100i2^c)’‘'^(10022rf«)'» ■ ” ' 

for 25 cycles (15) 

■where Rac is the resistance of the conductor to direct current 
in ohms per mile. See Tables 14 and 15. These formulas 
may be used for any round, non-magnetic, coreless -wire or 
cable, of copper or aluminum, at high or low temperat'ure. 
The formulas should not be used unless the last term is 
small, but this limitation will apply only for larger conduc- 
tors than are used on overhead transmission lines, or higher 
frequencies than 60 cycles. Similar formulas were published 
by the author in the Transactions A. I. E. E., 1915, page 2019. 



CHAPTER XVHI 


REACTANCE OF CABLE, SINGLE-PHASE 

Owing chiefly to its greater flexibility, a cable made up 
of small wires is much better than a solid wire, where a 
comparatively lai*ge conductor is required. Accordingly, 
cables are used very frequently as transmission, line con- 
ductors. 

The reactance of a stranded conductor is appreciably 
different from that of a solid wire. For example, the react- 
ance of No. 0000 cable of seven wires at 00 cycles and IS- 
inch spacing is 0.552 ohm per mile, while the reactance of 
a solid wire of the same sectional area is 0.660 ohm, and 
of a solid wire of the same diameter as the cable, 0.544 ohm. 
Therefore, the error in the rather frequent practice of using 
a solid wire formula for a cable is in either case about 1 . 5 
per cent, which is too large an error to be neglected. The 
formulas of this chapter are therefore given, from which can 
be obtained very closely the reactance of most common 
types of stranded non-magnetic conductors.* 

It may be assumed that a cable is equivalent to a bundle 
of straight parallel wires, without spiraling. Although the 
spiraling of the wires has a marked effect on the resistance 
of cables, amoxmting to one or two per cent, the spiraling 
produces very httle effect on the reactance of non-magnetic 
cables in overhead circuits. 

This may be shown by estimating the increase in induc- 
tance due to spiraling in a seven-wire cable. The chief 
effect of the spiraling is to produce an alternating magnetic 

• “The Reactance of Stranded Conductors,” by H. B. Dwight. The 
Electrical World, Apnl 19, 1913, and “ Constant- Voltage Transnussion,” 
by H. B Dwight, John Wiley & Sons, 1915, p. 109 
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field along the central part of the cable parallel to the axis, 
the same as is produced in a long solenoid. The density 
of this field is 4ir?i lines per sq. cm for 1 absampere, that is, 
one absolute unit of current, where n is the nmnber of turns 
per centimeter Multiplying by the area of the path for 

these lines, which is where d is the mean diameter of the 

coil in centimeters, we obtain the total number of lines 
passing through the coil parallel to its axis, 

v^d-n lines (1) 

In a length of the solenoid containing N turns, the above 
alternating field cuts all the turns, and the self-inductance 
of the coil due to this field is 


v^d^nN abhenrys. 


( 2 ) 


This agrees with Havelock’s formula for the self-inductance 
of a long solenoid.* 

Considering the outside wires of one mile of a seven- 
wire No. 0000 cable, and assuming that the wires make one 
complete turn about the cable every 6 2 inches, 


1 

5 2 x2.54’ 


6280x12 

5.2 


12 , 200 , 


and d = 0 . 347 X 2 . 54 centimeters, measured to the centers of 
the outside wires. Therefore, the self-inductance of the 
outside wires due to spiraling is 

Z=t2x0 3472x 6 45 X;g^Xj^X 12,200 
= 7100 abhenrys per mile. 

Now the outside wires constitute only ^ of the cable, 

• Scientific Paper No 169 of the Bureau of Standards, Washington, D. C , 
equation (79), p 121. 
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and therefore, the reactance of the entire cable at OU cycles 

IS 


27r XbO xTlOO KlO '* X - . = b b()2 ohm per mile. 


due to the flux produced by spiraling. 

The reactance of this cable for IS-inch spacing is U oo2 
ohm per mile, as mentioned above, "riiercfore, the effect 
of spiraling in this case is about i of 1 per cent. With 
larger spaeings or with smaller 7-\vire cables, the percentage 
effect of spiraling will be less than in the above case. "With 
larger cables than Xo. CM)t)0, there will be more than one 
layer of wires. *\>lternate layers are arranged with opposite 
rotations about the axis, and so will tend to neutralize each 
other in producing a field parallel to the axis. Accordingly, 
the effect of spiraling has been neglected in calculating the 
reactance of overhead non-magnetic cables in this chapter. 

It may be mentioned that the effect of spiraling is not 
neghgible in iron or steel cables, but is verj* important in 
that case. The reason is that the path for the flux parallel 
to the axis is through solid iron, with practically no air gaps 
to cross, and so the relatively small magnetizing force 
produces several hundred times as much flux as it would if 
the metal were copper or aluminum, of permeability equal 
to unity.* 

Reactance of 7-u'ire Cable . — ^*\.s in derivmg the formula 
for reactance of round wire, the current will be assumed to 
be uniformly distributed over the section of the cable, and 
the average reactive voltage drop for all parts of the section 
will be calculated. 

If the current in cable A, Fig. 24, is 1 absampere, then 
the current in each small wire of the T-w’ire cable will be 
4 absampere. The flux density due to the current in one 
small wire, at a distance x centimeters from its center, is 


7x’ 


lines per sq. cm. 


(3) 


* ‘‘Steel Conductors for Transtmssaon Lines,” by H. B. Dwight, Trans* 
A. I E. E., Sept , 1916, p 1244, Fig S. 
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If the distance between any two wires of cable A is i 
centimeters, the flux caused by current in the first wire, 
which cuts the second wne but does not cut cable B, is 



lines per centimeter of wire, where M is the mutual induc- 
tance of the two small wires, neglecting flux cutting cable B. 



The required voltage induced in the second wire by the 
first is 

— abvolts per cm., (5) 

where / is the frequency in cycles per second. 

The inductance of a wire due to its own current is given 
by the usual formula for self-inductance, 

Li =2 lo^ — hs> abhenrys per cm., . . (6) 

in which q is the radius of the wire, and in which § expresses 
the effect of the flux inside the wire. The voltage drop due 
to self-inductance in each wire, which carries 4 absampere, is 

— ^ abvolts per cm. 


( 7 ) 
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Adding tlie voltage drops in all the wires in cable A, 
and dividing by 7, the average voltage drop in cable A, 
which carries 1 absampere, is 

X2jr/Li , 12 x2x/A/i ,30 >. 2irfMa 


27r/L=^[^'^ 


abvolts per cm., \S ■ 

where Li is the inductance of a wire duo to its own current. 
Ml is the inductance for a pair 
consisting of the center wire and 
an outer wire, and J/3 is the 
average inductance for pairs con- 
sisting of two outer wires. It is 
to be noted that each pair of 
wires is counted twice in forming 
expression (S), since the first wire 
of a pair produces a voltage drop 
in the second, and the second also 
produces a voltage drop in the 
first. Therefore, 

I' = i?&(7jLi + 12J/i+ 30J/2) abhenrj’s per cm. 

Li is given by formula (6) and 



Fig. 25.- 


Gcometrieal Division 
of Circle- 


(9) 


3fi=2 1o^A (10) 

according to (4). 

For calculation of Mz it is convenient to use the following 
theorem based on Cotes’ theorem in trigonometry: 

If a circle of radius a (Fig. 25) be divided into m equal 
parts at A, B, C, D, etc., then 

AB, AC, AD, etc. (to w — I factors) *. . (11) 

Therefore, the average value of logh t is 

logh (am*^) (12) 

* C. E. Guye, “Comptes Rendiis,” Vol CXVIII, p 1329, 1894. C. E. 
Guye, “L’^:elal^age ^leotrique,” Vol III, p 20, 1S95 E. B Rosa, “Bulletin 
of the Bureau of Standards,” Vol. IV, No. 2, p. 335, 1907. 
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This gives, 

for N = 7 iind p — 1, 

L = ^103 3 +741 13 logio - J 10 henrys per mile , IS ’ 

for /i = 19 and p=2, 

L = ^89 3 +741 . 13 logi n * ^ 10 henrj’s per mile : 19,' 

for n = 37 and p = 3, 

L = ^85 1 +741 . 13 logu) 10 heniy's per mile; i20 » 
for 71 = 61 and p=4, 

L — ^83 3 +741 . 13 login ® J 10 henrj's per mile; i2Vi 

and for solid wire, 
n= 1 and p = 0, 

L= ^80 5+741 13 login 10 henry's per mile. ^22) 

A three-wire cable (Fig. 260 ) is a special case, since 
there is no central wire. The inductance is 

1/ =2 logh -®-+i +2 logh 2 


abhenrys per cm C23'j 

Therefore, 

L = ^125 .2+741.13 logic 10 (24) 


henrys per mile of cable, where p is the radius of the circum- 
scribing circle of the cable. 
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The above equations may be put in the followang simpli- 


Inductance per Mile, in Henrys 

i=741.13(^logio?^^)xi0-e. . (25) 

i = 741 . 13 (logio X 10 . (26) 

I<=741.13(logio XlO-6. . (27) 

L =741.13^1ogio XlO-8. . (28) 

Z, = 741 . 13 ^logio X 10 . (29) 

1 (single wire) I/ = 741.13^1ogio XlO-®. . (30) 

In the above, d is the diameter of the circumscribing circle 
of the cables, measured in the same units as s, the spacing 
between the centers of the cables. 

The significance of the equations drived above is indi- 
cated by the following examples of calculated reactance. 
The values tabulated are in ohms i>er mile at 60 cycles, where 

Reactance in ohms =2Tr xQOL. 


REACTANCE PER MILE AT 60 CYCLES OF NO 0000 WIRE 
AND CABLE, 211,600 CIRCULAR MILS 


Feet 

Solid 

3-Wire 

7-Wire 


37-Wire 

61-Wire 

Spacing 

Wire 

Cable 

Cable 

Cable 

Cable 

Cable 

u 

0,560 

0.550 

0 552 

0 546 

0 644 

0 543 

6 

0 728 

0.718 

0 721 

0 714 

0 712 

0 711 


fied form: 

Number of Wires 
in Cable 

3 

7 

19 

37 

61 
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The I'eactance of the ctibles is less than that of the wire, 
because the diameter is larger, though the '^etional iirea r* 
the same. The formulas, therefore, show that stranding 
reduces the reactance of a conductor of a certain cross- 
section by one or two per cent. As is well known, an increase 
of about the same percentage takes place in the resistance, 
due to stranding. 



CHAPTER XIX 


REACTANCE OF TWO-PHASE AND THREE-PHASE LINES 

Reactance, Two-phase. — The reactance drop in a single- 
phase line, m which round wire is used, is given in Chapter 
XTI, and is 

2jl X2,r/741 1 logic X 10 

volts per mile of transmission line. This is equal to 2jlx 
volts per mile of line, where x is the reactance per mile, as 
given in Tables 16 to 19, and where I is the current per 
conductor. The formulas in Tables 1, 2, and 3 for short 
transmission lines, give the voltage drop to neutral, which is 

jlx. 

Since a two-phase, four-wire line is made up of two- 
single-phase circuits, the reactance drop to neutral is jlx, 
and the line drop due to reactance is 2jlx, volts per mile of 
line, I being the current per conductor. 

Reactance, Three-phase, Irregular Spacing. — ^When the 
conductors of a three-phase line are spaced so that they are 
not exactly equidistant, the voltage drop due to reactance 
is not the same in the different phases. It is the practice 
with such lines to interchange, or transpose, the conductors 
at intervals along the line, so that the different reactive 
voltages are applied to an equal extent to all three con- 
ductors. Such a line, when carr 3 dng a balanced load (equal 
currents in each conductor, at 120° in phase from each 
other), will have the voltages of the three phases equal at 
the end of the line. 

The average reactance of an irregularly spaced three- 

130 
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phase line, in which the conductors are transposed at regular 
intervals, may be calculated as follows. 

Let Fig. 27 represent the spacing of the conductors A, B, 
and C of a transmission line. I.,et the currents In the c«>n- 
ductors be represented by the vectors 0I\ ()Q, and (ffH 
(Fig. 28). If the power factor is 10 t)< these vectors may 
also represent the star voltages, and the line wltage-; will 
be represented by the vectors BQ, QR and RP, 




Let the current in conductor A be 
7.1= OP = 1.00/ amperes, 

and let 

Is = OQ = (—0 50 +0 8667)/ amperes, 

and 

Io = 0R = ( — 0 50 —0 866^)7 amperes. 

Let also 

Voltage from neutral to *4 = 1 .00T\ 

Voltage from neutral to P = (— 0 50+0 S66 j )T\ 

And voltage from neutral to C = (— 0.50— 0 SOO^U". 

Then the measured, or absolute, value of voltage between 
B and O is 1 7321’’, where V is the star voltage of the line. 
The reactive voltage on conductor A per mile is 

1 00 (so . 5 +741 . 1 log 7J2x/ X 10 -6 

(due to flux from 7a) 
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+( -0 50 +0 866j) ^741 . 1 log -e 

(due to flux from I s) 

+ (-0.50-0. 866^) ^741 . 1 log Jy2x/ X^IO 

(due to flux from Ic), 

where p is the radius of the wire and where w is a certain 
large distance to which flux is taken. 

The reactive voltage on conductor B per mil e is 

1 . 00 ^741 . 1 log ^Ij2Kf X 10 -» 

(due to flux from J^) 

+(-0.50 +0, 866j) (so . 5 +741 . 1 log ^^7i2,r/x 10 -s 
(due to flux from 7^) 

+ (-0.50 -0. 8667) ^741 . 1 log ‘^Ij2tfXlO 
(due to flux from lo). 

The reactive voltage between A and B is therefore 
(1.60-0. 8667) (so . 5 +741 . 1 log ^)772,r/x 10 -s 

+ (0.50+0. 8667) 741.1 (log ^ - log ^^772^/ X 10 

Suppose at the end of one mile the line is transposed so 
that the above two conductors occupy the positions B and 

Then the reactive voltage between these conductors 
for the next mile is 


(1.50-0. 8667) (so .5+741.1 log ^^72^/ X 10 -e 
+ (0. 50 +0 .8667)741 . 1 (log 5-log ^)772 t/X 10 
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Let the line be transposed again. Then for the third 
mile the reactance voltage between these same two con- 
ductors is 

(1.50-0 Smj) ^80 . 5 +741 . 1 log ^ ) /j 27 r/ x 10 -« 


+ (0.50+0. 860^)741 . 1 ^log ^ -log X 10 + 

The total reactive voltage for the three miles is 

(1.50-0. 866J) [so . 5 X3 +741 . 1 /log - +log ^ -+-log - ) j 
I \ p p p>' I 

X/j27r/Xl0-8. 

Thus the average reactive voltage between conductors, 
per mile, which is the same for all phases, is, in absolute 
value, 

1 . 732 ^80 .5+741.1 log J27r/_X 10 
= 1.732/x, 

where x is the tabulated value of reactanee- 


Reactance, Three-phase, Regular Triangular Spacing. — 
When the conductors are spaced at the corners of an equi- 
lateral triangle of side s, then the expression for reactance is 
the same as the usual formula : 

r = ^80 5 +741 . 1 logic ^ 2^/ X 10 


Reactance, Three-phase, Regular Flat Spacing. — ^When 
the three conductors lie in one plane r "" ; ' - — ^ 

(either horizontal or vertical), the ^ ® ^ 
center one being equidistant from 
the other two, as in Fig. 29, the reactance per mile is 


80.5+741. Hog 


a-^lXlx2 


**80.5 +741.1 log 


p 

1.26a 


p 
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This is approximately 4% Mgher in an ordinary case 
than the reactance for spacing on an equilateral triangle of 
side a. 

The formulas of this chapter wall apply to cable as well 
as to wire, if the term SO 5 is changed as per Chapter XVIII. 



CHAPTER XX 


RESISTANCE AND REACTANCE OF LARGE CABLES WITH 

STEEL CORES 

Steel cores are frequently used in traiisiui>iion hue 
conductors. Practically all aluminum caniductors used for 
overhead trausmissum lines tire ctibles with steel cores, 
since these are necesstu‘>' for the requisite mechanical 
strength. Cores of medium grade steel may idso be used 
in copper cables on very' high volttige lines m order to increase 
the diameter and so reduce the cortma loss. 

The steel core has a distinct effect on the electrical 
characteristics of a cable, and the amount of this effect for 
large cables can be estimated in the manner describeti in 
this chapter.* 

The effect of the addition of a steel core to a transmis- 
sion line cable is, first, to increase the diameter, second, to 
decrease the resistance by an amount which may be two 
per cent, more or less, and third, to decrease the reactance, 
usually by a smaller percentage. It will be shown later in 
this chapter that a useful approximate rule for transmission 
calculations is to take the conductivity of the steel cored 
cable as being equal to the sum of the conductivities for 
alternating current of the core and the copper or aluminum, 
and to take the reactance of the complete cable as if the core 
were made of non-niagnetic material, the same as the rest 
of the cable. 

This procedure does not apply verj’^ closely to the smaller 
cables which have only 7 w’ires, since the spiraling of the 
outer wires is all in one direction and so produces a certain 

* “The Electncal Charaetcnsties of Transmission Conductors unth Steel 
Cores,” by H. B. Dwight, The Mlectric Journal, Jan, 1921, p. 9. 
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amount of longitudinal magnetization in the central steel 
wire. This results in relatively more iron loss and react- 
ance in the larger cables where some layers are spiraled 
in one direction and some in the other. The effect of longi- 
tudinal magnetization is very small in cables of more than 
7 wires. 

The reactance of a transmission line is due to magnetic 
flux in the air surrounding the conductors, and also to flux 

inside of the conductors. The flux in 
the air produces the greater part of 
the reactance, but it is not of interest 
in the present calculation, for it cuts 
both the core and the outer wires of 
the cable equally. The effect of the 
flux inside of the cable should be cal- 
culated, since it alters the distribu- 
tion of current between the core and 
the remainder of the cable. 

The non-magnetic wires of a cored cable form a tube of 
outer radius p and inner radius q, Fig. 30. Neglecting the 
current in the core, which is small, the total current inside 
the circle of radius x is 

/(*) =7ri(a:®— g®) absampei’es, . . . . (1) 

where i is the current density in absamperes per sq. cm., 
considered constant for the present, and where the dimen- 
sions are in centimeters. The flux density at radius x is 

lines per sq. cm. ... (2) 

The total flux in the ring outside of the circle of radius x 
is obtained by integrating from a: to p and is equal to 

— ic® _ 2 gf 2 1 q^ lines per cm. . . 



Fia 30 — Section of 
Cable and Core. 


. . (3) 
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The reactance droiD al radiusii .c due to the abo\’e flux is 

=J(OTi ^pP —X- — 2q~ logh ^ j abvolts per eui., . . 4' 

where 

a = 2'irf, 

and tvhere/is the frequency m cycles per second. 

To find the average reactance drop due to the above 
flux, multiply the element of area, by the drop in 

that element, given by (41, then integrate over the section 
of the tube and divide by the area of section of the tube. 
This gives 

( p 2 — 3 g 2 4 - lo^i - ) ab volts per cm. . (.5) 

Assume that the diameter of the core is one-third that 
of the complete cable, W'hich is usually veiy” nearly the case, 
then 

2=5p> 

and the average reactance drop in the tube is 

X - — j - r - abvolts per cm s, 6 ' 

Let the total current in the tube, equal to ttiXp®— 3 ^), 
be represented by {a+jb) amperes. Then the reactance 
drop in the tube is 

abvolts per cm. . . (7) 

This is equivalent at 60 cycles to 

0 . 0248j(a +Jb') volts per mile (. 8 ) 

Let R be the alternating-current resistance of the tube 
in ohms per mile. 

♦^'The Inductance of Tubular Conductors,” by 11. B. D\(ight, The 
Electncal Retsiew^ Feb. 9, 1918, p. 224. 
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Since the current in the steel core is a very small per- 
centage of the total current, the calculation for skin effect 
in a tube will apply very closely.* The increase in resist- 
ance at 60 cycles for tubes whose inside diameter is one- 
third the outside diameter, is as follows: 


Resistance of 
Cable, 

Ohms per Mile 

1 

Per Cent Increase 
m Resistance of 
the Aluminum 
or Coppei 
at 60 Cycles 

I 

Resistance of 
Cable, 

Ohms pel IMile 

Per Cent Increase 
in Resistance of 
the Aluminum 
oi Copper 
at 60 Cycles 

0 OS 

2 6 

0 12 

1 2 

0 09 

2 1 

0 13 

1 0 

0 10 1 

1 ^ 

0 14 

0 9 

0 11 1 

1 

1 5 

1 

0 15 

1 0 8 


If the inside diameter is larger than one-third the out- 
side diameter, the per cent increase will be less than is given 
above. It is to be noted that the increases in resistance 
given above are less than those given in Tables 14 and 15 
for coreless cables. 

The impedance drop, taking into account only the flux 
considered above, is 

(a -\-jb) (R 4-jO . 0248) volts per mile. . . (9) 

Now the alternating magnetic flux considered above 
cuts the core as well as the tube. The total flux is given 
by (3), putting a: =g, and is 

irip2(l — ^ — 1X1 .10) lines per cm. . . . (10) 

The reactance drop in the core due to this flux is 

5 80 

jtavip^ X abvolts per cm (11) 

which is equivalent to 

j(«+i6) 0.0440 ohm per mile. . . . (12) 

* See the euires of Fig. 1, '‘Skin Effect and Proionaity Elffeet in Tubular 
Conductors," by H B Dwight, TraJta., A. J E E., 1922, p 189, and “A 
Preeise Method of Calculation of Skin Effect in Isolated Tubes,” by H. B. 
Dwight, Journal, A. I E.E, August, 1923, p. 827. 
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Let the current in the steel core be c-^jd aiiiperes. 
The impedance of the core due to its effective re-^istanve 
and the flux inside the steel, may be taken with rt'a'^oiiable 
accuracy from the curves in Tables 24 and 25. 

Let the impedance given by the curves be Ri-^jXi for 
a certain assumed current in the core, which does n< >t require 
to be estimated very closely for this purpo'^e. Then the 
drop in the steel core is 


(c+jd)(ffi4-JXi) 0449 ) volts per mile. . (.1^ 

This may be equated to i.9), since the core and the tulie are 
in electrical contact and take up a distribution of current 
such as to give the same voltage drop in eaeli. Tlierefox’e, 

(c +jd) (Ri +jXi) = (a +Jb) +j0 0248 -jO 0440) 

= (a+jb){,R-j0.0102) 

volts per mile at 60 cycles (14) 


The term 0.0192 becomes 0 0080 at 25 cycles. 

Equation (14) is the same as the usual equation for two 
impedances in parallel. Thus, let each side be equal to E. 
Then 

ct+jo • 


and 


c+jd = 


E-i0.0192’ 
E 


Rx+jX{ 

The current in the complete cable 

=E X total admittance 


^ (e -jO . 0192 4-A’i) ' 

In this way, the effective resistance R' and reactance X' 
of the complete cable including the core, may be calculated, 
since the total admittance is 

1 1 I 1 

R’+jX' B-}0.0192 ^Ri+3X, 


■ ■ ( 15 ) 
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TRANS^nSSION LINE FORMULAS 
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It is found that the cuiTent in the core is usually so 
small that its effect in producing magnetic flux in the outer 
part of the cable may be neglected, as was done in the above 
calculation. The current in the outer part of the cable is 
to the current in the core in the ratio of their ailmittances, 
and that is very closely in the inverse ratio of their resist- 
ances. An additional loss in the core, due to the nearness 
of the current in the outside wires, maj* also take place, 
especially with the larger sizes of individual wires. 

A few examples are tabulated herewith. The reac- 
tances are based on spacings which would be usual for trans- 
mission line work. It may be observed from the table that a 
cable composed of 600,000 circular mils of aluminum and an 
83,000 circular mil steel core, has a larger diameter and 
therefore nearly one per cent less reactance than a 600,000 
circular mil cable without a core. The same cable, com- 
posed of 600,000 circular mils of aluminum and 83,000 of 
steel, has only 0.2 per cent more reactance than a 683,000 
circular mil, all-aluminum cable. Thus, although the core 
offers a magnetic path to the flux of self-inductance, the 
amount of effective fl.ux in the core is very small, since a 
steel core of f the diameter of the cable carries only about 
tV of the total current. 

In conclusion, the examples show that a close approxi- 
mation to the electrical characteristics of a steel cored 
cable as used on transmission lines may be obtained by 
taking the resistance as equal to that of the core and the 
outer conductors connected in parallel, and by taking the 
reactance as equal to that of a non-magnetic cable of the 
same outside diameter. The direct-current resistance of 
the steel core should not be used, but only the value of the 
resistance to alternating current. 

A practical feature not included in the calculations is that 
with comparatively heavy currents the increase in diameter 
caused by the core makes a decrease in the temperature and 
resistance of the cable, because of the larger cooling surface. 
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CAPACITANCE OF SINGLE-PHASE LINE 

Capacitance of Two Round Wires. — The conductors of a 
transmission line form a condenser, the electrostatic capac- 
ity of which can be calculated from the dimensions of the 
line. The simplest line to calciilate is a single-phase line 
consisting of two round wires, and this case will be inves- 
tigated first. 

Suppose that A and B (Pig. 31) are two long parallel 
■wires of infinitesimal section and that they are spaced a 


p 




distance i centimeters apart. Let A carry a charge of +q 
electrostatic units of electricity per centimeter, and let B 
carry —q units per centimeter. 

First, find the force exerted on a unit charge near the 
wire A. 

From the symmetry of the arrangement it is e’vident that 
the resultant force on a unit charge at P (Fig. 32) will be a 
repulsion away from the wire at right angles to it, since the 
total effect of the right half of the wire must be equal to 
the total effect of the left half. The force at right angles 
to the wire exerted by the charge on the element dl will be 

q-= cos cos ed&, 

ri ’ 
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since 

and 


dl cos e = rdti 


r = 

cos 6 

The total force exerted by the wire will be 


C — cos d(l9 = — . 
J-Z ^*1 


The potential of the point O (Fig. 31 » midway between 
the ■wires, ■will be zero, since the effect of the positive charge 
on A will be equal to the effect of the negative charge on B. 
Ihe potential difference between P and O is the work done 
in moving a unit charge from one point to the other. The 

force due to the wire A on a unit charge at any point is 

acting directly away from A. Therefore the work done in 
mo-ving a distance dr tow’ard A is 

r 


and thus the total work in moving from P to O against the 
force due to A is 

j[“^r-2slogh^. 

S imil arly, the wwk against the force due to B is equal to 

- 29 lo^X. 

Therefore the potential difference between P and O is 
equal to the total work, and is 

2g logh 

ri 
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At P (.Fig. 33) make the angle APD equal to the angle 
PBD. Then the triangle PBD is similar to the triangle 
APD, and therefore 

AP ri 

p 

If we draw a circle of radius p about the fixed point 
then at any point on this circle similar triangles are formed 
by p, ri, and ra, as in Fig. 33, and therefore 

ra DB . . 

— = — = constant, 

ri p 



where ri and ra are the distances of the point on the circle 
from A and B respectively. Therefore, the potential 

2q logh ^ 
ri 

will be the same at all points on this circle. 

Now' let a solid cylindrical conductor fill all the space 
inside the circle of radius p. All points on its smface will 
be at the same potential. The distribution of potential 
outside of the cylinder will not be altered from the previous 
condition when all points on the circle of radius p were 
also at the same potential. The potential of the cylinder 
will be 

2q logh — = 2q lo^ 

ri * ® p 

In the same way, let the wire B be replaced by a solid 
cylinder of radius p and center 1?, as in Fig. 34. 
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[The negative value of the radical must not be used, 
since it would give the value of JO>A instead of 
Therefore, 

C ^ 

4 logh 

which may be ejqpressed as 
C = : 




4 cosh 


-i/jlV 

\2p/ 


or it may be expanded by the Binomial Theorem to give the 
approximate value 

C i 7 - pel* centimeter, 


or, very nearly, 


,o^(£-£) 




4 logh - 

p 


Transferring to other units, 


X 


4343x2 640X12X5280 




_1 ^38.83x10-9 
2^' 


4X9X1011 


lag.0 

farads i)er mile of single-phase line. 

* It IS evident that the expression 

^ 1 


4 logh 


«-p 


which is sometimes published^ is less accurate than the simpler expression 

c L_. 

4 logh “ 
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The capacity suseeptanee is 


2x/r = 2x/X:j 


S3,XlO-» 
\p s ' 


mhos per mile of single-phase line. The charging cui-rent 
m this line will be 


83xl0-« 

^Ex2irfX ; ^ amperes, 

' log.„(5-£) 

= iE6, 

where b is the tabulated value of capacity susceptance. 


Rbfbbencb. — "A Treatise on the Thcorj' of Alternating Currents/’ by 
Alexander Russell, 1904, Vol 1, page 99. 

Capacitance of Cable. — The formula for capacitance of a 
line using stranded cables will be the same as the above 
formula for solid wires, p being taken as the ma:>dmum 
radius of the cable. All the electrostatic charge on the 
cable does not lie at the maximum radius from the center, 
but as actual cables are generally slightly larger than the 
calculated diameters in the tables, it will be sufficiently 
close to take p from the tables and use it in the regular 
formula for capacitance. 

Effect of the Earth on Capacitance of Line. — The effect 
of bringing a conducting plane, such as the earth, near to 
two charged wires is to change their electrostatic field and 
increase their capacitance. 

Consider two long parallel wires, A and Ai (Fig. 35), of 
infinitesimal section and carr 3 'ing -Hg and —q units of 
electricity per centimeter respectively. As in Fig. 31, the 

point O midway between the two wires will be at zero 
potential. All points ha\dng the same potential must have 

— equal to a constant. It is evident that aH points at the 
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same potential as O lie in the plane MON, perpendicular to 
since for aU such points 


n =r2. 


Therefore, the wire Ai may be replaced by a solid con- 
ducting plane MN, which will be at zero potential. Thus, 
when the conducting plane is the earth, its effect is the same 
as that of a charged wdre at a depth below the surface 
equal to the height of the original wire.* The assumed 

wire is called an image wire, 
since it occupies the same 
position as the image of the 
real wire, considering the sur- 
face of the ground as a mirror. 

In the case of a single- 
phase transmission line, image 
wires A' and B' must be 
assumed for both wires A and 
B (Fig. 36) and the capacitance 
of the entire system of four wires is then calculated as 
follows: 



Let h be the distance of the wires from the ground and s 
their distance apart from center to center. Let A carry a 
charge of umts per centimeter; A', —q units; B, —q 
units; and J5', -f-fi' units. Let a unit charge be carried 
from the surface of A to that of B. Assuming that the 
charges are concentrated at the centers of the wires, the 
total work done is equal to 




“ 2qx 
+x^ 


dx 


2q(s-x) , 


* See "Elements of Electricity and Magnetism/^ by J. J. Thomson, page 
138 
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The sum of the first two integrals has been shown to be 
approximately 

4g logh 

p 

The sum of the last two integrals is approximately 

—g logh 4^2 _j_g2 


=2g logh 


4/i2 
4/l2 

4/i2-fs2- 



Therefore, the total work is equal to 

4g logh - -b4g logh -- - - = % 

P C 


Therefore, C is approximately 

1 


4 logjl - -1-4 logh - y 

P V4/l2_^g2 


Taking as an average case. 


A =360 inches (30 feet), 
s = 120 inches (10 feet), 
p=0.25 inch. 



we have 
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and. 

Therefore, 

Now, 

while 



a 


2h _ 6 

V4A3+S3 VST* 

logio480 =2 681, 


logio =0 


006. 


Thus the capacitance is changed by the nearness of the 
groiind by less than ^ of 1 /cj even with the comparatively 
wide spacing of 10 feet. 

Tests have shown that the effect of the groimd in increas- 
ing the capacitance is even leas than the above amount, due 
partly to the fact that the ground is a poor conductor. As 
the effect of the ground is so slight, it has been neglected 
entirely in the calculations in this book. 

— ^Por an alternative proof, see ''A Treatise on the Theory 
of Alternating Currents,'^ by Alexander Kussell, 1904, VoL I- 

Seealso “The Calculation of Capacity Coefficients for Parallel Suspended 
Wires,” by Prank F. Fowle, £flec. Wo? Id, Aug. 19, 1911. 
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CAPACITANCE OF TWO-PHASE AND THREE-PHASE 

LINES 

Capacitance, Two-phase. — The charging ciirrent of u 
single-phase line was shown in C'hapter XXI to be 

amperes per mile of line 

= lEh, 

where h is the tabulated value of capacity susceptanee per 
mile. 

In a two-phase, four-wire line, each phase is quite similar 
to a smgle-phase line, and so the charging current per wire is 

lEh. 

Capacitance, Three-phase, Irregular Spacing. — ^\Mien 
the wires of a three-phase transmission line are not spaced 
at the corners of an equilateral 
triangle, but the transposition of 
the conductors is carried out at 
regular interv^aJs, the charging 
current in the \iTres will be a 
balanced, three-phase current, 
since each ivire ■wall have passed 
through the same average conditions. This is shown in 
an approximate manner as follows: 

As when calculating the self-induction of an irregularly 
spaced line, consider a line three miles long which is trans- 
posed at the end of each mile. 

The work in carrying a unit charge from C to B (.Fig. 37) 

151 
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gaming the charges concentrated at the centers of the 
^^dres, is approximately 

Ea = ?b 2 logh - —qc^ logh - +^^2 logh 
p p o 

Now Qb is a periodic quantity, which alternates in value 
at the same frequency as the voltage or current. 

We have 

qs — CiE 

where I's is the charging current flowing into the capacitance 
Cl of the wire B. 

Thus 

Ea - rB2 logh - - J'c2 logh - +7'x2 logh 

27r/\ P P 0/ 

In the second mile the conductors are transposed into 
new positions. Let the cmrents m them remain the same. 
Therefore, 

logh ^ -ra2 lo^ J'^2 logh ^), 

2Trj\ p p c/ 

and in the third mile 

Ea^^Ir^ logh ^-rc-2 logh -+J'a 2 logh 

\ p p dj 

Adding together and dividing by 3, we obtain the 
approximate average v'alue per mile, 

a =f^(I',-J'c)2 logh 

. P 

that IS, 

.E^« = ^(r3-rc)2loghi 

ZwJ p 

where 

5 — ^dbc. 
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Similarly', 


J?. = ,y4(/'c-ra)21ogh£, 
^rrj p 

£'.=:^;(r^-r^)21ogh2 

JttJ p 

Ea— — 1 . 00^, as in Fig. 3S, 
Ei, = (0 50-0 Smj)Ey 
J&«=(0.50+0.S60J)F?. 


Then 



Fia. 3S. 


r, r, i2ir/£(0.50 +0 866/) 

± A — 1 B= r > • • 


21ogh- 


i'3-rc=-^^ x(-i.oo\ . . . 


21ogh- 

P 


I'o - I'a = . 50 -0 . 866; ), . 


21ogh- 

P 

Tf JsTt 


rA+i'B+ro^o, . 


since they are currents flowing in a three-phase line. 
From equations (1) and (3) 

p r, 1.7327-) 

aJL a — 1 B — JL c — • • • 


2 logh - 

p 
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Adding (4) and (.5), we have 
rA = 

From this, 


l_,, 27r/.EXl 00 
2 logh - 


rr 1 ^2icfEi~0 50+0 SOej') 
1 B= 7 = X : . 

Vs 


and 


2 logh - 
p 


r/ _ 1 ^.2^fE(~0 50-0 866i) 

J. c — X . 


Vs 


2 logh - 

p 




The vectors for I' a, I'b and I'c may now be plotted as 
in Fig. 39, and it is seen that the vectors are the same 
length and are at 120° to each other. 
Thus the charing current is a balanced 
three-phase current. 

The power factor of the charging cur- 
rent is zero, since the current in any wire 
Ia (Fig. 39) is at right angles to the 
direction OP (Fig. 38) of the corre- 
sponding star voltage or in-phase cur- 
rent. 

Capacitance, Three-phase, Regular Triang^ar Spacing. — 
When the conductors are placed an equal distance, s, from 
each other, the formula for 6 is 



Pia. 39 . 


h = iQ _9 jnjiog per mile. 

logxo- 

p 

Capacitance, Three-phase Regular Flat Spacing. — When 
the wires lie in one plane (either horizontal or vertical), 
the center one being at a distance a from the other two (see 
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Fig. 29 ) , and the wires being transposed at regular intervals, 
the formula for susceptance is 


38 S3x2irf 


log 


lO 


1 Xl X2 


xio-» 


mhos per mile. 


38.83 X27r/ 

I 1 26a 

logio 

P 


XlO-3 



Part III 
TABLES 


N B. — ^The Transmission Line Chart, which fozms the frontispiece of this 
book, can be used for rapid estimation of some of the results of the foUowmg 
tables. 


TABLE 1.— FORMULiAS FOR SHORT LINES 

CoNninoNs Given at Rbcbivbb Enb 

These formulas are exact when the hne is short. When the line is 20 miles 
long, they are correct withm approximately of 1% of hne voltage, for 
frequencies up to 60 cycles. 

Conditions given, for 3-phase circuit: 

Kv-a-=Kv-a. at receiver end. 

JSr=Full load voltage to neutral at receiver end. 


Then 


X voltage between conductors in 3-phase circuit. 

cos Power factor at receiver end. 

Kw.— Kv.-a, cos d= Power at receiver end. 
r« Resistance of conductor per mile, 
a; ss Reactance of conductor per mile. 

2— Length of Ime in miles. 

R^rh 

X^xL 






1000 Kv-a. cos e 

a '■ - 

BJE 

end. 

1000 Kv-a. sin 0 
BE 


> In-phase current per conductor at receiver 


•Reactive current per conductor at receiver 


end, when current is leadmg 
1000 Kv-a. sin 0 


BE 


when current is lagging. '] 
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T.VBLE 1. iConunueU'i 

Find the following 
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A^E+PR-QX. 

B^^PX+QR. 

Formulas (capacity neglected) : 


S* 


(1) Voltage to neutral at supplj' end!=*i-f;— . 

(2) Regulation of liiie = -.4.+;^— volts to neutral. ^Same as line 

drop ) 


100 


(3) Per cent regulation of line at receiver end = 
cent. (Same as per cent line drop.) 




E 


per 




(4) Kv-a. at supply end — - 


2A 


E 


XKv-a. 


3 


(5) Kw. at supply end— — — (*4P+B(?). 


1000 " 


(6) Power factor at supply end = 


3 


(AP+BQ)E 


1000 




' (m decimals). 


XKv-a. 


, . AP _ 

(7) In-phase current at supply end= — — amperes i>er conductor. 

/>* 

(8) Kw. loss in line — BP). 

lUUO 

lOOBP 

(9) Per cent efficiency of lmo= j pV po cent. 

Ac* 

(10) Reactive Kv-a. at supply end— 

When this quantity is positive, the current is leading. 

When this quantity is negative, the current is laggmg. 

AQ— BP 

(11) Reactive or quadrature current at supply end» amperes 

^+2A 


per conductor. 
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TABLE 1. {Continued) 

In a single-phase ciicuit, the voltage to neutral is one-half the voltage 
between conductors, and m a two-phase circuit, the voltage to neutral is 
one-half the voltage between conductors of the same phase In the formulas 
for P and Q, and in formulas 5, 6, 8 and 10, the figure 3 represents the number 
of conductors For single-phase lines, change this figure to 2, and for two- 
phase Imes, change it to 4, thus makmg the table applicable to single-phase or 
two-phase (4-conductor) lmes« 

In the case of short transmission Imes where capacitance is not considered, 
the resistance and reactance to neutral of star-connected step-up and step- 
down transformers may be added to the resistance and reactance of the Ime, 
without producing any error or approximation. If the transformers are 
delta-connected, the percentage resistance and reactance should be found, 
and then the resistance and reactance to neutral of star-connected transform- 
ers having the same percentages should be calculated and added to the line, 
as described above. 
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TABLE 2.— FORMULAS FOR SHORT LINES 


Conditions Given at Supply E\d 

These foimulas aie exact when theUne is short. When the line is 20 miles 
long, they are correct within approximately xV voltage, for 

frequencies up to 60 cycles 


Conditions given» for 3-phase circuit: 

Kv-a =Kv-a. at supply end. 

Eg s= Full load voltage to neutral at supply end 

= voltage between conductors in 3-phase circuit. 

cos ^ = Power factor at supply end. 

Kw « Kv-a. cos 0 — Power at supply end. 
r » Resistance of conductor per mile. 

X = Reactance of conductor per mile. 

I “ Length of Ime m miles. 

X^xl. 


Then P,* 


1000 Kv-a. cos 0 


i In-phase current per conductor at supply 






end, 

1000 Kv-a. sin 0 


end, when current is leading 


Reactive current per conductor at supply 


1000 Kv-a. sin 0 


when current is lagging. 


Find the following quantities: 
F-^E^-P^R+Q,X. 
JET** "“P gX tJR** 


Formulas (capacity neglected) : 


H* 

(1) Voltage to neutral at recover end — 

Jr 


(2) Regulation of linens — 


P— — volts to neutral. 
2P 


(Same as line drop.) 
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TABLE 2 . — Ccmtinued 


(3) Per ceat regulation of line at receiver end 
(Same as per cent Ime drop ) 




F-\ 




per cent. 


2F 




(4) Kv-a. at receiver end = 


2F 


Ms 


XKv-a 


(5) Kw. at receiver end=xT:^RrC^'^«+^C»)- 

/AN -o r ^ ^ ^ {FP.+HQ^ )E, 

(6) Power factor at receiver end = 


1000 


(m decimals)^ 


( H^\ 


FF^-YHQb 

(7) In-phase current at receiver end = — amperes per con- 


F^ 




2F 


ductor. 

C8) Kw- loss in 


(9) Per cent efficiency of Ime * 


100(FP,+gQ^) 

BsF^ 


per cent. 


(10) Heactive Kv-a. at receiver 


When this quantity is positive, the current is leadmg. 
When this quantity is negative, the current is laggmg. 


(11) Heactive or quadrature 


current at receiver end = 


HP.-FQ, 


F-+ 




2F 


amperes per conductor. 

Por single-phase and 2-phase circuits, and for the effect of transformers, 
the paragraphs at the end of Table 1. 
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TABLE 3.— FORMULAS FOR SHORT LINES 


Supply Voltage and Receivexi Lovd Given 


These formulas are exact when the Imo is short. Whrn the hne s> miits 
long, they are correct within approxmiately of of line voltage, for 
frequencies up to 60 c:j cles. 

Conditioiis given, for 3-phase circuit: 


Kv-a. = Kv-a. at receiver end, 

E, = Full load voltage to neutral at supply end 

= “^X voltage between condiictois in 3-phase circuit 

cos 0 =Pow'er factor at leceivct end. 

Kw = Kv-a. cos & 

r = Resistance of conductor per mile. 

X — Reactance of conductor per mile. 

Z— Length of Ime in miles. 


R=rl. 

X=xl. 


Then 


_ _ 1000 Kv-a- cos ^ ^ ^ j 

PE= = YVatts per conductor at receiver end, where 

E is the unknown voltage to neutral at the receiver end. 

1000 Kv-a sm ^ ^ _ _ 

QE^ r = Reactive volt-amperes per conductor at 

3 

receiver end, when current is leadmg. 

1000 Kv-a Sind , . , 

QE^ when current is lagging. 


PE and QE are known, hut the separate quantities P, Q and E are not 
known. 


Find the quantities: 
and 


L^^PEE-QEX, 


Then, 


M^-=^PEX^QEIt. 


If the drop in the line is not more than 20%, the following series may be 
used: 

r L* L* M* 2L« 5L« 6I/W* 

E^* 2E^* EJ^ 2 EJ^ EJ^ BEJ^ 

Now that E is known, P and Q can be found, and the quantities A and B and 
the various characteristiQS of the h&s can be calculated as in Table 1. 
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TRANSMISSION LINE FORMULAS 


TABLE 4— a: formulas FOR TRANSMISSION LINES 

CoNDraoNS Given at Receiver Eni> 

Accurate withm approximately of 1% of line voltage up to 100 miles, 
and J of 1^0 up to 200 miles, for Imes with regulation up to 20%. 


Conditians given, for 3-pliase circuit: 

Kv-a. =*Kv-a at receiver end. 

E=Full load voltage to neutral at receiver end 

voltage between conductors in 3-pliase circuit. 

cos Power factor at receivar md. 

Kw, =Kv-a cos 6 = Power at receiver end. 
r= Resistance of conductor per mile, 
a; » Reactance of conductor per mile. 

Z^Length of transmission line in miles. 

jB=rZ. 

X^aZ. 

/—Frequency in cycles per second. 


r J \ 

‘ Vioo.oooy ■ 


1000 Kv-^. cos e 


= In-phase current per conductor at receiver 


1000 Kv-a. sin 0 


—Reactive current per conductor at receiver 


ead, when current is leadmg. 


1000 Kv-a. sin 0 


when current is lagging. 


Find the following quantities: 

Full Load 

A =E(1 -K) +PR(1 - iK) ^QXa-iK). 
BRK 

B — +PX(1 - iK) +QP(1 - IK), 

=^+Q(l -if) +^(1 -iif). 



K FORMULAS 


TABLE 4 — Coniihnutd 
Conditions Given at Receiver End 


^0 =-£?(! -K). 


Co-- 


2IIRK^ 

3 X* ‘ 


No Load 


2EK 


Fonnulas for 3-phase circuits: 
Full Load 

Voltage to neutral at receiver end. 


No Load (Constant Supply Voltage) 


(1) JS. 


(2) J^o-- 


Regulation at receiver end m volts to neutral, for constant supply voltage* 




N.B, The regulation at receiver end may be expressed as a percentage of E. 
Full Load No Load (Constant Receiver Voltage) 


Voltage to neutral at supply end. 
(4) Ea—A+—, 


(5) 


Regulation at supply end in volts to neutral, for constant receiver voltage. 

J5* Bo* 

C6) 

N.B. — ^The regulation at supply end maybe espressed as a percentage of B,. 
Current at supply end, in amperes per conductor. 


(7) V'C'»+Z)». 


(8) VCo*+£>o*. 
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TRANSMISSION LINE FORNIULAS 


Full Xoad 

Kv-a at supply end. 


TABLE 4 — Conttmted 

No Load (Constant Receiver Voltage) 




'o*+X>o*. 


£w. at supply end. 


(12) ^^^^(Ao(?o+.BoI>o). 


Power factor at supply end, in per cent. 
100(AC4-BD) 


(13) 


(4+^)Vo. 


(14) 


100(AoCo+BoDo) 


+D» 




o‘+-Do* 


]ji>phase current at supply end, in amperes per conductor. 


(15) 


AC+BD 

A+^‘ 

^2A 


(16) 


AoCo "^BfiDo 


Ac- 


Bc^ 

'2Ao 


Kw. loss in line. 

(17) r^^C+BD^EP). 

Per cent efficiency of line. 
lOOBP 


(IS) i7^nr(AoC'o+jBoIlo). 
[Same as No. 12.] 


( 12 ) 


per cent. 


AC+BD 
Reactive Ev-a. at supply end. 
(20) TTfW(^l>-B<7). 


(21) TT^(AaDo-BoC«). 


Wlien this quantity is positive, the current is leading. 

When this quantify is negative, the current is lagging. 

Reactive or quadrature current at supply end, m amperes per conductor. 


( 22 ) 


AD-BC 
B* * 


(23) 


AcDo~~BcCo 


Ac+ 


2Ao 


Transformer banks are to be treated as separate sections of the line. 
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TABLE 5—K FORMULAS FOR TRANSMISSION LINES 
Conditions Given at Supply End 

Accurate withui approximately iV of line voltage up to l')0 m 4 its 

and 2 of 1% up to 200 miles, for lines with logulation up to 20' i. 


Conditions given, for S-phase circuit: 

Kv-a. =Kv-a. at supply end 

— Full load voltage to neutral at supply end 

= voltage between conductois in 3-phasc circuit 

cos ^ = Power factor at supply end 
Kw =Kv-a cos ^=Power at supply end 
r= Resistance of conductor per mile 
a: = Reactance of conductor per mile. 

Length of transmission Ime in miles. 

X=xl. 

/= Frequency in cycles per second. 


• _r{ V 

\ 100 , 000 / ' 


1000 Kv-a. cos & 


= In-phase current per conductor at supply 


1000 Kv-a. sm d 


SE, 

end, when current is leadmg. 


= Reactive current per conductor at supply 


Qs 


1000 Kv-a sin d 


when current is lagging. 


Find the following quantities: 

Full Load 

F = Jg?.(l -K) - P^(l - iK) +QsXil - IK), 
s -p^ci - iK) -QJRO—iK), 
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TRANSMISSION LINE FORMULAS 


TABLE 5 — CorU/mued 

Conditions Given at Sdtpdt End 




Ho 


EaRH 


No Load 


„ 4 EJtK* 

*^‘'“3 A* • 

2E.K 

iNTo-^d + IA'). 


Formulas for 3-phase Circuits: 
Full Load 

Voltage to neutral at receiver end. 

jsr* 

( 1 ) 


No Load 


(2) JS?o=Fo+;r^ (for constant 
0 


supply voltage}* 


Regulation at receiver end m volts to neutral, for constant supply voltage. 

N.B. — ^The r^ulation at recover end may be expressed as a percentage 

ofE. 

Voltage to neutral at supply end. 


(4) E,. 


(5) Eo«=- 


" '^2Fo 

(for constant receiver volt- 
age.) 


Regulation at supply end in volts to neut^, for constant receiver voltage. 
(6) E, ^0^- 


N.B. — ^The r^ulation at supply end may be expressed as a percentage of E, 
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TABLE 5 — Continued 

Full Load No Load (Constant Supply Voltage = E, 

(7) at receiver end. (8) 's/j/oS+A'o* at supply end 

Kv-a. 




Kw. 

(11) 


at receiver end. 


-(FAf+fi'AO 


1000 ' 

at receiver end 


at supply end. 


(12) supply end 


Power factor, in per cent. 

100(Filf+HA") 


(13) 




(14) -7= 


^fo 


at receiver end. 

In-phase current, in amperes per conductor. 


Va/o*+av 

at supply end. 


Filf+2?iV ^ 

(16) =— at receiver end. 

'+25 

Ew. loss in line. 

(17) t^(E,P,-FM-HN). 

Per cent efficiency of line. 

100(FAf+ffAO 

(19) percent. 

Mttr t 

Reactive Kv-a. 

( 20 ) T^iFN-HM) 

at receiver end. 


(16) Afo at supply end. 


(18) TiArB-^«-Ko ISame as No. 12 1 


( 21 ) 


at supply end. 


When this quantity is positive the current is leading 
When this quantity is negative, the current is lading. 
Reactive or quadrature cuirent, in amperes per conductor. 


FN-HM ^ 

(22) ==^ at reoeivfflr end. 


(23) No at supply end. 


2F 


Transformer banks are to be treated as separate sections of the line. 
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TEANSMISSION LIKE FORIVIULAS 


TABLE 6,— CONVERGENT SERIES FOR TRANSMISSION LINES 


Conditions Given at Receiver End 

The convergent series give the results of the fundamental formulas as 
accurately as desired, if a sufficient number of terms is used. 

When conditions are given at the receiver end, the same as with the K 
formulas, find the quantities: 


Full Load 


1+— 4 




YZ . Y^Z^ 


Y^Z^ 


2-3-4 2-3 4-5-6 


4- etc 


■) 


+(P+jQ)z(y 


YZ , Y^Z^ 


232 3-4-5 2 3 


Y^Z^ 

4-5-6-7 



/ YZ Y^Z^ 

C+jD^iP+3Q) 


Y^Z^ 


2 ‘2 3-4 2 3-4-5-6 


4etc 


+EY 




YZ . Y»Z* 


Y3Z» 


3'^2-3 4-5 ' 2-3 4-5-6-7 


) 

f-etc.^. 




(- 


No Load 
YZ . Y^Z^ . 


Co * JS? y ( 1 4-:r^ 4 


2-3-4 2-3-4 5-6 


etc 


)■ 


2 3 * 2-3-4-6 2 3-4-5 6-7' 


-eto.V 


where Z“(r4-iic)Z=* impedance. 

r~Resistance of conductor per mile. 
ic=Reactance of conductor per mile. 

Z —Length of transmission hne in miles. 

Y *= (g4-j5)Z= admittance. 

Leakage conductance of conductor per mile. 
5= Capacity susceptance of conductor per mile. 


XJse A, jB, C, I>, etc., with the equations for 3-phase circuits in formulas 
1-23 of Table 4 to solve transmission Ime problems. 

In the formulas, A. 1 is used instead of ’V^A®4"-B®. This approximation 

may be used for very accurate work, as it is correct within approximately 
of 1% when the regulation is not more than 20%. 
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TABLE 6 — Continued 
Lines Connected in Paraedeii 

For n lines in parallel, find the constants a, 0, y and 5 for each hne, such 
that 


and 


JSa JEmO!-}- J/ 8, 
la +/5. 


For a uniform transmission Ime, without transformers, 


a — S 



Z^4 
2 3 4"^ 


P=Z 




+ 


YZ 

2*3 


Y"Z^ 

2 3 4 5"^ 




Y0 

Z' 



If the line is not umform, or if transformers are included m the circuit, a 
will m general not be equal to S. For such cases, which represent circuits in 
series, use the method of Table 13. 

Check on accuracy of numeiical values. 


Put 


aS— jSy = 1. 


1 


€ 




Fmd the constants ofi, j5i, -yi, 3i, and 6i for the first line, and ofa, etc , for 
the second hne, and so on. The combmed circuit consisting of n hnes in 
parallel is equivalent to a smgle transmission line having constants ao, i?Oi Ta 
and 5o, where 


^0 


1 

€l+ €2+ 


ofo — (aiei+0£2e2+ . . . +a»€»)^o. 

'yo==C7’i+Y2+ • • • +'/«) €i+C£252€j+ . . . +«n8n€n) 

+ (5i€i+ 52€2+ • . . +^n€n)®^0* 


5o = (5iei+32€2+ . • . +5 »€»)^o. 
For a check on numerical values, note that 

Ofo^o — iSoTo = Ij 
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TRANSMISSION LINE FORMULAS 


TAJBLE 6 — Continued 

or this equation may be used to give a short formula for 'yo, namely. 


'yo = 


Ofo^O — 1- 
^0 


The voltages and cui rents for the combined circuit are given by 


and 


E s =Eoco H-I^o = A 


I g — -Eryo +Jr Sq—C 


Problems relatmg to the combmed circuit may now be solved by the full load 
formulas of Table 4. 
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TABLE 7- — COm^RGENT SERIES TOR TRAXSIVIISSION: LIXES 
Coi^DiTio:?rs Give^t at Scpplv En'd 

The convergent sezies give the results of the fimdainental as 

accurately as desired, if a sirfficient number of terms is used. 

When conditions are given at the supply end, the sunie as with the K 
foimulas, find the quantities* 

Full l^ad 


( TZ Y^Z^ \ 

1 +-^+2^+: F^4.5 


-(JP,+jQ 




YZ 


+ 


Y^Z^ 




Y^Z* 


( YZ Y^Z^ 


2‘3 2-3-4 

Y^Z^ 


2 


--ET.r^ 


YZ Y^Z^ 
1 +— 


2 3-4 2 3-4*3*6 


3- 4-5-t5-7 

4- etc. 


~4-etc. 


•)• 


2-3 2-3-4-5 ‘ 2-3 4-6-6-7 


-t-ete. 




FTo I^ad 

M^+:)Nt=‘E.y'0—lYZ-\-^j^Y^Z*—^Y»Z*-\-^%^Y*Z*-e:tc.), 

where Z^(r — impedance. 

Resistance of conductor per mile, 
a; — Reactance of conductor per mile 
Length of transmission Ime m miles. 

Y *= = adnaittance. 

Leakage conductance of conductor per mile. 
b ^ Capacity susceptance of conductor per mile. 

Use H, M, N", etc., with the equations for 3-phase circuits in formulas 
1—23 of Table 6 to solve transmission Ime pioblems. 

Note , — In the formulas, is used instead of ■%/ This approsd- 

mation may be used for very accurate work, as it is correct withm approad— 
mately xiir of 1% when the r^ulation is not more than 20%. 
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TRANSMISSION LINE FORMULAS 


TABLE S.— CONVERGENT SERIES FOR TRANSMISSION LINES 
Supply Voltage and Receiver Load Given 
Conditions given) for S-phase circuit: 

at receiver end. 

E«»Fii]l load voltage to neutral at supply end 

sss-i=:.Xvoltage between conductors in 3-phase circuit. 

Vs 

cos ^=Power factor at receiver end. 

Kw. =Kv-a. cos 6. 

Z = (r+i3:)Z =impedance. 

r= resistance of conductor per mile, 
a; reactance of conductor per mile. 

Z ^length of transmission Ime m miles. 

F Cfif +j6) Z * admittance. 

leakage conductance of conductor per mile. 

&s:susceptance of conductor per mile, due to capacitance. 


Then PE- 


1000 Kv-a. cos e 

. , I. — — I — .. s 

3 


s Watts per phase at receiver end, where E is 




QE- 


the unknown voltage to neutral at the receiver end« 
1000 Kv-a sin 8 


3 


“reactive volt-amperes per phase at receiver 


end, when current is leadmg. 
1000 Kv-a. sin 6 


3 


when current is lagging. 


PE and QE are known, but the separate quantities P, Q and E are not known. 


Find the quantities: 

Ec»the absolute value of 




( 


YZ 

1 +— +— — + 
* e\ * £\ n ^ * 


2-3-4 






YZ 


T*Z* 


2-3 ' 2-3-4-5 


■h 


) 


V ^ 2 ^2‘3-4^ • * 7 


L*’^PEBi-QEXi, 

and 

PEEi~i~QERim 

nien E* * Vjg.<-4E«*I,»-4af«. 
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TABLE S—CoNfhiucd 

If the drop in the line is not more than tlio following series may be 

used : 

r JL- M* 2Z:« 3 5L« 5L*^f*_^y *V» 

” ‘ L -E'c* 2JSJ 2 Ec^ E^* Ec^ h * ' ' 

Now that E IS known, P and Q can be found, and the quantities -1, B, C 
and Z) can be calculated as m Table 6. Then the formulas given m the last 
part of Tabic 4 can be used to solve the various transmission Ime problems. 
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TRANSMISSION LINE FORMULAS 


TABLE 9.— SHORT CONSTANT-VOLTAGE LINES* 
CoiTDITrONS GrVBlSr at RECBIVEIt Eot 


These formulas are exact when the line is short. When the line is 20 miles 
long, they are correct within appioximately of 1 per cent of line voltage. 

Conditions given, for 3-pliase circuit: 


^ as Constant voltage to neutral, at receiver end 



Constant voltage to neutral, at supply end. 
jK*= Resistance of one conductor. 

X ^Reactance of one conductor. 

P= In-phase current of the load, in amperes per conductor- 
cos Power factor, lagging, of the load. 

(1) Circle Diagram* 

Describe a circle with center (a, h) and radius c, where 


3 Em 
1000 


Kw., 


and 




E^X 


1000 E»+X2 


Kv-a,, 


EEa 


1000 V^2+X^ 


Kv-a. 


ZEQ 


The ordinates to the circle give the reactive Kv-a , m the line at the 


SEP ZEQ 

receiver end for a given Kw. load, Positive values of r7;rr, plotted 

1000 1000 

upward, represent Icadmg Kv-a, and negative values, plotted downward, 
represent lagging Kv-a. See Fig 12, Chap. VII. 

Draw a straight line at an angle d below the base hne, where cos B is the 
powder factor, lading, of the load By means of a pair of dividers, add the 
ordinates of the straight hne to those of the circle, thus plottmg the elhpse 
givmg the Kv-a. of synchronous condensers required. 


(2) Theoretical Limit of Load, in Kilowatts- 

Maximum load » c+a Kw. 

Tbis is numerically less than c, since a is a negative quantity. It may be 
read from the circle diagram, as it is the farthest distance to the right reached 
by the circle. 

^For Tables 0 to 13, see Tables I to IV, Constant-Voltage Transmissioa, by H B* 
Dwiaht, published by John Wiley ds Sons, New York. 



SHORT const*\js:t-voltage lines 17 o 

TA-BLE Q^^^-ContinuBd 

(3) Reactive Kv-a. in the Line at Receiver Rnd. 

For a moie piecise value than that obtained fiom the circle diagmm 

3BQ ’ 

calculate - by the equation 
IClUCl 


/ 3BQ\3 , (SEP \ = 

1000 / \1000 “/ ■ 

The quantitj* a is negative, so that — a is positive 

(4) Reactive Kv-a. of S 3 mc]ironous Condensers. 
This may be calculated by means of the formula 


ZBQ ZBB sin e 
1000 "^1000 cos e 


ICv-a. , 


ZBP 

where the power load is Kw. at a lagging power factor cos 

lOUO 


It IS worth while checking the results of (3) and (4) by drawing the circle 
diagram and obtaining the same results graphically. 

(5) Concentric Circles. 

Since a and 6, which give the center, are independent of the supply voltage 
Est and smee the radius c is directly proportional to E^, it is evident that a 
number of cucles coiresponding to different values of Es may be drawn about 
the same center. See Fig 12, Chap. VH. 

Now that Q IS known for a given value of JP, A and JS and the various 
problems connected with the Ime can be calculated by the formulas of Table 1- 

For single-phase and two-phase circuits and for the effect of transformers^ 
see the paragraphs at the end of Table 1- 
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TRANSMISSION LINE FORMULAS 


TABLE 10.— SHORT CONSTANT-VOLTAGE LINES 

Conditions Given at SuppiiY End 

These formulas are exact when the Ime is short. When the line is 20 miles 
long> they are correct within approximately ^ of 1 per cent of Ime voltage. 

CoAditions given, for 3«phase circuit: 


Constant voltage to neutral at receiver end 



Constant voltage to neutral at supply end. 

Resistance of one conductor. 

J^ssHeactance of one conductor. 

Current at the supply end in phase with Ea, in amperes per 
conductor. 


(1) Circle Diagram. 

Describe a circle with center (a, 5} and radius c, where 

3 Ea^B 

■ ®“'*'l000 * ■ ‘ 


Kw., 


3 


and 


1000 B*+X^ 
3 EE a 


1000 Vb*+X* 


Kv-a, 


Kv-a. 


3EaQa 

The ordinates to this circle represent the reactive Kv-a., m the line 


1000 


at the supply end. 

(2) Concentric Cirdes. 


Since a and b, which give the center, are independent of the receiver voltage 
E, and since the radius c is directly proportional to it is evident that a 
number of circles correspondmg to different values of E may be drawn about 
the same center. 


(3) Theoretical Limit of the Load in Kilowatts at the Supply End of the 
Line. 


The maximum load is: 

c+o Kw. 

This is numerically greater than c since a is positive. It may be read 
from the circle diagram, as it is the farthest distance to the right reached by 
the circle. 
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(4) Calctxlated Value of Reactive Rv-a. in the Line at Supply Bnd. 


The value of the line reactive Kv-a 


1000 ’ 


for a given power load at the 


ZSalPa 

supply end, , may be found from the circle diagram desciihtHl m 1 , 

or it may be calculated precisely by means of the equation: 




ZEsQ.y 
1000 / 


• \* 
V 1000 ' 


When Qa, as found above, is positive, it represents a leading load on the 
generators, and when it is negative, a lagging load 

Now that Qa is known for a given value of the various problems such 
as power factor at receiver end, efficiency, etc., can be solved by means of the 
formulas m Table 2. 

For smgle-pbase and two-phase circmts and for the effect of transformers, 
see the paragraphs at the end of Table 1. 
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TRAISTSIMISSION LINE FORIMULAS 


TABLE ll*— LONG CONSTANT-VOLTAGE LINES 

Conditions Given at Receiver End 

These formulas give the results of the fundamental hyperbolic formulas 
as accurately as desuod, if a sufficient number of terms of the convergent 
series is used. 


Conditions given, for 3-phase circuit: 


jEr« Constant voltage to neutral, at icceiver end. 

Constant voltage to neutial, at supply end- 
Impedance of one conductor. 

^ as Resistance of one conductor 
Reactance of one conductor. 

L~te4-i6)Z== Admittance of one conductor. 

Leakage conductance of one conductor, per mile 
6=8 Capacity susceptance of one conductor, per mile. 
Length of line in miles. 

P= In-phase current of the load, in amperes per conductoi. 
cos 9 » Power factor, lagging, of the load. 


Find 

and 


/ YZ \ 

( YZ Y^Z^ \ 


(1) Circle Diagram. 


Dcsciibe a circle with center (a', 5') and radius c', where 


® 1000 S's+X'a 

3B B'X'-E"R' 
■^1000 


Kw , 

Kv^. 


ZE Em 

I - ^ 

1000 


Kv-a. 


The ordinates to the circle give the reactive Kv-a., ii^he line at the 

lUUU 


receiver end, for a given Kw. load, 


Positive VEUiies of plotted 


upward, represent leading Kv-a., and negative values, plotted downward, 
represent lagging Kv-a. See Fig. 12, Chap. VII. 
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TABLE 11.— — C7o7t^£ii#/e«i 

Diaw a straight line at an angle 6 below the base liiKs \\ht*ic- s e 

power factor, lagging, of the load. By moans of a pair of divider-, add ti e 
ordinates of the straight hno to those of the circle, thus plotting tiie eli.p-e 
giving the Kv-a. of synchionous condensers re<iuiied. 

If the power factor is not the same at all loads, the line repre^outing tl.e 
load will not be stiaight but will be a curve showing the icactivo Kv-a of e 
load from no load to full load, and the curve ot Kv-a. of svnchron*-*’ts c »!.• 
denser s will not be an exact ellipse. 

(2) Theoretical Limit of Load, in Kilowatts. 

Maximum Load — c'+a' Kw. 

This IS numerically' less than c' since a' is a negative quantity. It may bo 
read fiom the ciicle diagram as it is the farthest distance to the right rcacLtd 
by the circle. 


(3) Reactive Kv-a. in the Line at Receiver End. 

For a more precise value than that obtained fiom the circle diagram^ 
3EQ 

calculate - - by the equation 

1000 


\ 1000 / \1000 / " 


The quantity a' is negative, so that —a' is positive. 


(4) Reactive Kv-a. of Synchronous Condensers. 
This may be calculated by means of the formula: 

SEQ SEP sin 0 
1000 "^1000 Qos~0 • ' 


where the power load is 


SEP 

1000 


Kw. at a lagging power factor cos 0, 


It is worth while cheeking the results of (3) and (4) by drawing the circle 
diagiam and obtaining the same lesults graphically* 

(5} Concentric Circles. 

Since a* and 6', which give the center, are independent of the supply 
voltage Egj and since the radius c' is directly proportional to Eg, it is evident 
that a number of circles corresponding to different values of Eg may be drawn 
about the same center. See Fig. 12, Chap. VII. 
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TABTE 11. — Contirmed 

Now that Q is known for a given value of P, one can find A, B, C and D by 
the equations of Table 6, and the various transmission line problems can be 
calculated by the formulas m the latter part of Table 4, If it is desired to 
include the transformers with the Ime, use Table 13. 

For drawing the circle diagram of two or more lines or circuits in parallel, 
find the constants €xa and of the combmed circuit, as described m Table 6. 
Then, since 

Bs ~ B€Xo 

we have 
and 

The circle diagram for the combined circuit can now be drawn, or the values 
calculated, as described in this table. 
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TABLE 12— LONG CONSTANT-VOLTAGE LINES 
Conditions Given at Supply End 

These formulas give the results of the fundamental hvperbolic formulas 
as accuiately as desired, if a sufficient number of terms of the eunvergerit 
series is used. 


Conditions given, for 3-phase circuit: 

M = Constant voltage to neutral, at receiver end. 

= Constant voltage to neutral, at supply end. 

Z =72 = Impedance of one conductor. 

72= Resistance of one conductor, 

X == Reactance of one conductor. 

Y = (g+ 3 h)l = Admittance of one conductor. 

Leakage conductance of one conductor, per mile. 

5= Capacity susceptance of one conductor, per mile. 

I = Length of line in nailes, 

P,= Current m the Ime, in amperes per conductor, at the supply end^ 
m phase vdth 

Fmd 




and 




YZ 


«'+jX'=(«+iX) i-i 




Y^z* \ 
2.3-4'‘‘‘’7’ 


YZ , Y^Z^ 


2 3 2 3-4 5 

(1) Circle Diagram. 

Describe a circle with center (a', 5') and radius c', where 

, . 3P, j^%72'+J^"eX' 


5' = 


1000 72's+-X'a 

0JE»3 Hi ^A. — -x& 


and 


c' = -t 


1000 


E 


1000 -s/ 22^2-^ j^'2 
stive 


Kw., 

Kv-a., 

Kv-a. 


The ordmates to the circle give the reactive Kv-a., ^ 


supply end, for a given value of kilowatts, 


1000 


1000 

in the hne at the supply end. 


(2) Theoretical Limit of the Load in Kilowatts at the Supply End of the 
Line. 

Maximum Load— c'+a' Kw. 
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TABLE 12 - — ConHnued 

Tliis is numerically greater than c' since c/ is positive It may be read 
from the circle diagram as it is the farthest distance to the right reached by 
the circle. 


(3) Reactive Kv-a. in the Line at Supply End. 

For a more precise value than that obtamed from the circle diagram, 
calculate -- i —— by the equation* 


1000 


\ 1000 / V 1000 / 


1000 

The quantity a' is positive, so that —o' is negative. 


(4) Concentric Circles. 

Smce o' and which give the center, are mdependent of the leceiver 
voltage Ea, and smce the ladius c' is directly proportional to E, it is evident 
that a number of circles correspond mg to different values of E may be drawn 
about the same center. 

Now that Qa is known for a given value of one can find F, H, M and N 
by the equations of Table 7, and the various transmission Ime problems can 
be calculated by the formulas m the latter part of Table 5. 



CONSTANT-VOLTAGE LINES WITH TUANSFumiLIlS ISS 


TABLE 13.— CONSTANT-VOLTAGE LINES WITH TRANSFORMERS 


Conditions given, for 3-phase circuit: 

All quantities referred to high tension. 

= equivalent high-tension voltage to neutral, lu-ld eon-tant a: 

low-tension side of the receiving tianatt>i niers See Fig 1 1 , p. ,1 1 . 
average value of loss in the s^^’iiehionouto condonbeis. 

Admittance conesponding to the core loss and magnetizing c i'*- 
lent of the receiving tiansformers at the average 
high-tension voltage, for equivalent star-connected tran&fonnt^rs. 
= Similar quantity for the supply transformeis 
= Impedance of receiving tiansformers, referred to high tension. 

= Similar quantity for the supply transformers. 

Admittance of the tiansmission Ime. 

^ = (r+J^)^= Impedance of the transmission line. 

Find numerical values for the followmg quantities, except that the letters 
P and Q will appear in all expressions: 

Current in secondary of receiving transformers: 

(1) Ia===P +jQ +Pc amperes per conductor. 

Voltage induced m receiving transformers: 

(2) Ea=E+\Ia(J^ir+3^tr) volts to neutral. 

Current m pnmaiy of receiving transformers: 

(3) h^Ia+EaiGtr+jBir). 

Voltage at receivmg end of transmission line. 

(4) 


Voltage at supply end of transmission Ime: 

( YZ Y^Z^ \ 

(5) 

/ YZ Y^Z^ \ 

+^^(l+23+iT4:5+"-)' 

Cuirent at supply end of transmission hne: 
^Z Y^Z^ 


/ YZ Y^Z^ \ 
(6) J. =/,^l+_+_+ . . 

( YZ 

+Ei,Y{l+—+ ^ ^ — 4 


2 3 2-3-4 5 




Equations for voltage E^i and current T^u etc , at an intermediate point 
or pomts where the line chai act eristics change, and where theie is no load 
nor any synchronous condenser, are of the same form as the two precedmg 
equations. 
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TRAKSAUSSION LINE FORMULAS 


TAJBUE 13 — Cofttvyiucd 

(7) Current in secondary of supply transformers ~ 7 c. 

Voltage mduced in supply transformers' 

(8) Md. = JBfc -h i7 

Current m primary of supply transformers* 

(9) Je? = 7c te) • 

Voltage at generator termmals: 

( 10 ) CR'-hjX')- 

Current at generator termmals: 

( 11 ) 

The instructions for drawing the circle diagram, and the remaining 
formulas, are the same as m Table 11- 



RESISTANCE OF COPPER WIRE AND CABLE ISo 

TABLE 14.— RESISTANCE OF COPPER WIRE AND CABLE 
Data assumed* 

Temperature, 20® C. f6S® P.) 

Conductivity of haid drawn copper, 97 of the annealed copper 
standard. 

Increase of resistance and weight of cables due to spiraling, 2"^. 


Copper Wire 


B <&;S 
Gauge 

Circular 

Mils 

Diam- 

eter 


Resistance, Ohms per Mile 


(2p) 

Inch 

Direct 1 
Curient 

j 

25 cycles^ 

t 

f 

Increase! 60 cycles 

1 1 

Increase 

0000 

211,600 

4600 

2600 

2662 

Percent ' 

08 i 

2671 I 

Per cent 
43 

000 

167,800 

4096 

3354 

3355 


.3363 ; 

.27 

00 

133,100 

3648 

4229 

4230 

03 

.4236 . 

.17 

0 

105,500 

3249 

5333 

5334 


.5338 ' 

.11 

1 

83,690 

2893 

.6725 

6725 

.01 

1 

.0729 , 

.07 

2 

66,370 

2576 i 

8480 

8480 

01 

.8483 

04 

3 1 

52,630 

2294 

1 069 

1 069 


1 070 

.03 

4 

41,740 

.2043 

1 348 

1 348 

• 

1.34S 

.02 

5 

33,100 

1819 

1 700 

1 700 

. 

1.700 - 

01 

6 

26,250 

1620 

2 144 

2 144 

M 1 ■ « fe 

2.144 1 

01 

7 

20,820 

.1443 

2 703 


• • II « 

2.703 1 


8 

16,510 

1285 

3 409 

1 3 409 

. - 

3.409 , 



Weight of Conductors 


Copper Wire 

Copper Cable 

B. &S. 

Weight, Pounds 

B &S. 

Circular 

Weight, pounds 

gauge 

per mile 

gauge 

Mils 

per mile 

0000 

3380 


700,000 

11,400 

000 

2680 


600,000 

9,780 

00 

2130 


500,000 

8450 

0 

1690 



450,000 

7,340 

1 

1340 


400,000 

6,520 

2 

1060 


350,000 

5,710 

3 

841 


300,000 

4,890 

4 

667 



250,000 

4,080 

5 

529 

0000 


3,450 

6 

420 

000 




7 

333 

00 

• • , • • • 


8 

264 

0 



1.720 



1 





2 

* * « * • • • 




3 


858 



4 


681 
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TRANSMISSION LINE FORMULAS 


TABLE 14 — Contimied 
Copper Cable 


B &S 
Gauge 

1 

1 

Diam- 

No of 
W lies 


Resistance, Ohms per Aide 


Cii cular 
Mils 

eter 

(2p) 

Inches 

As- 

sumed 

Duect 

cuirent 

25 

cvcles 

In- 

crease 

60 

cycles 

In- 

crease 


700,000 

9641 

61 

0820 

0826 

Per cent 
76 

0856 

Percent 
4 42 


600,000 

8914 

37 

0957 

0962 

56 

0988 

3 27 


500,000 

8137 

37 

1148 

1153 

39 

1174 

2 29 


450,000 

7720 

37 

1276 

1280 

.32 

.1299 

1 86 


400,000 

7255 

19 

1435 

1439 

26 

1456 

1 47 


350,000 

6786 

19 

1640 

1643 

20 

1659 

1 13 


300,000 

.6283 

19 

1913 

1916 

15 

1929 

i 83 


250,000 

6735 

19 

2296 

2298 

10 

.2309 

! 58 

0000 

211,600 

5216 

7 

2713 

2716 

07 

2724 

.42 

000 

167,800 

,4645 

7 

3421 

3422 

05 

.3430 

26 

00 

133,100 

4137 

7 

4313 

4315 

03 

.4321 

17 

0 

105,500 

3683 

7 

6439 

! 

5440 

02 

-5445 

11 

1 

83,690 

3280 

7 

6859 

6860 

01 

6864 

07 

2 

66,370 

-2921 

7 

8649 

8650 

.01 

8653 

04 

3 

52,630 

2601 

7 

1 091 

1 091 

* * « 

1 091 

03 

4 

41,740 

.2317 

7 

1 375 

i 

1 375 

, . , 

1 375 

.02 


TEMPERATURE COEFFICIENTS OF COPPER 
For different initial temperatures (centigrade) and different conductivities 


Ohms per 
Aleter- 
Gram at 
20 Deg. 
Cent- 

Per Cent 
Conduc- 
tivity 

Cto 

Ofl6 

^20 

oe2s 

OfSo 

<*60 

.16134 

95 


.00380 

.00373 


00360 

00336 

.15966 

96 


.00385 

00377 


.00364 

00339 

.15802 

97 


.00389 

00381 


00367 

.00342 

.15753 

97-3 

-00414 

.00390 

00382 

00375 

00368 

00343 

.15640 

98 ' 

00417 

.00393 

00385 

00378 

00371 

00345 

.15482 

99 

00422 

.00397 

•00389 

00382 

00374 


15328 

100 

00427 

.00401 

.00393 


00378 


.15176 

101 

00431 

00405 

•00397 

.00389 

00382 



where IRt is the resistance at any temperature t deg- cent 
and Rn is the resistance at any ‘‘rnitial temperature” ti deg. cent. 
From Table II, Circular No- 31, of the Bureau of Standards, 1914. 





























RESISTAXCE OF AErMIXU:M OABI-K lb>7 

TABLE 15. — ^RESISTAXCE (JF ALEMIXCM CABLE, 
cJTEEL KEIXFORCED 

Data as&umcd 

Tenipex ut urts 20 ° (J ( 08 F ) 

Conductivity of haid diawn aluniizmm, t>l» of tiu unn^-.tlvd »*► j j*, r 
staiidm d 

Values are from the taLle of the Ahiminum Cfimpany of AriiericM, 


B &S 
Gauge 

Ciiculai 

Allis 

Diam- 

eter 

(2p), 

Inches 

Number 
of Wiles : 

f 

Re>.iNt- 
auee. 
Ohms 
pt‘r Alih* 

Weight, P-eiEid?- 
per Alih 

Alu- 

minum 

Stt-cl 1 

1 

1 

Alu- 
mni uin 

iSte**l 

Total 


900,000 

1 162 

54 

7 

1011) 

4462 ! 

1 * i.lS 

6120 


79.5,000 

1 093 

54 

7 

114t> 

.3944 

14*53 . 

54M7 


715,500 

1 036 

54 

7 

. 1272 

3.542 ; 

1313 i 

4857 


005,000 

963 

54 

7 

. 1510 

j 

2999 

1114 

4113 


500,000 

.904 

30 

mm 

.1832 1 


1 658 

4135 


397,500 

806 

30 


2297 

■n mV 

1313 ; 

32S4 


336,400 

.741 

30 


.2719 

VfiiqV 

1114 . 

27s:^ 


266,800 

.633 

6 


.3422 1 

1319 

492 1 

ISll 

0000 

211,600 

564 

6 


4309 

1052 

501 1 

1 •>?>*> 

000 

167,800 

501 

6 


.5417 

830 

397 1 

1227 

00 

133,100 

447 

6 


.6832 

660 

317 . 

977 

0 

105,500 

398 

6 


8653 

323 

251 

770 

1 

83,690 

355 

6 

1 

1 093 

417 

200 

617 

2 

66,370 

316 

6 


1 378 

330 

1.58 

4.SS 

3 

52,630 

.281 

6 


1 738 

262 

125 

3S7 

4 

41,740 

.250 

6 

■■ 

2 191 

207 

1 99 

306 


Temperatuie coefficient of aluminum at 20® , 0 : 20 = 0039 


























TABLE 17B.-IIEACTANCE OF LARGE ALUMINUM CABLES, STEEL REINFORCED, 26 CYCLES 

Values m table are in ohms per mile. 


190 TRANSMISSION LINE FORMULAS 


QQ 

MD CD 

Dl 

ID ID 

COCO-#'^ 

ID CO 00 

00^04 

i-Si-<r-< 

eo 'ij «»0 CD 

T-l 1-4 *H «H 

OOOIDO 

1 - 1 04 04 eo 

C4 

GO 

s 

00U30 
OCSJCOtH 
04 44 G4 04 

wseoocD 

o|Sc4^ 

tHiH OOID 

gggg 

rHC© T-( CO 
T- tr-l04 04 
CO CO CO CO 

eo eo 'o ^ 
CO CO coco 

C0»-«80C4 

10 cot- 
coco coco 

i 

<£ 

eo 

CO 

S; 

w 

17- 

OSO^tD 
00 1-1 04S<4 
i-( 04 440^ 

»D 04 OS ID 

•MOOO'cN 
^€4 04^ 

OcDiHlD 
OOt-H tH 
CO 'O CO CO 

C'eocD'os 

1-104 04 04 
CO CO 00 CO 

ID-1 54*H 

CO in CD 

coco coco 

1 

So 

CD 

S 

CDcOOi-l 

i-COOcDi-* 

«OCD 

es|04 04 04 

WO 

04 04 04 04 

CD04Cpt-> 

05 

01 CO CO CO 

IA^C4 ID 
04 04 
CO CO COCO 

-il-oot- 

coeoi»<»D 

CO CO cn CO 

ooo'oos { 

CO 

1 

ggss 

*-HC4Die^ 

iD CO0SID 
CO 14 c - 1 ^ CD 
04 04 04 04 

1-1000 ’cJC 
CD O-t-OO 

04040404 

OCD*-(»0 

OS CO cO OS 
01 — • 

coco coco 

ID »-<C4*H 
04C0-etiiO 

CO CO CO CO 

605,000 

t-4 

<o 

04 

ID 

a» 

■ 

04000 04 
eOxHxHiD 
€4 04 04 04 

oOb-iDi-; 
ID eo t— 00 
04 04 04 04 

SSo4eo 

CDOeOCD 

0 *H 1~I f-4 

eoeo eoeo 

04 00 CD 00 

S?£?S2;S 

CO CO CO 00 

1 

wo 

w 

CD 

s 

^CQ^O> 
K,09 O 1“< 
«-tiH09C3 
• • • • 

00 CO 04 00 

issiSi 

COOSr*<00 
00 00 OS OS 
04 04 04 04 

^00^04 

0 OOi-< 
eoeo coco 

iiil 

• « « 

793,000 

1-1 

CD 

C4 

s 

T— 1 ! 

j 

OOtHcD 
cooao w 

»H *-4 04 04 

04 04 04 C4 

WOOOID 

I-HCOWID 
00 00 04 OS 
04 04C4 C4 

gSSS 

04 CO CO CO 

iD 1-1 04 1 -* 
1-104 00 

eococo eo 

000*006 

CO 

CD 

1—1 

1-C 

CDli..*-* CO 
CDOOOi-4 
f-Ci-tOIOt 

040N.eD 

000 - ID 04 
I# ID CO i— 
01 04 04 04 

00 eo 00 04 

cooeoco 

€4 00 os 00 
rH 1-104 CO 

CO eoeo CO 

Circular imb . . 

•s 

1 

s* 

Diameter, mches , . 

1 

. CD ID 
Sr-Ci-«04« 
§ 

ID ID 

eoeo-4<-^ 

ID CD 0-00 

aso»-t04 

T-< 1-H *— t 

eOTjllDcO 

OOOIDO 
1-104 04 00 


For 50 cycleSt multiply the above values by 2 




























TABLE 17a~REACTANCE OF CABLE, 25 CYCLES 

Sikes for Both Aluminum Cables, Steel Reinforced, and Copper Cables 
For diameters see Resistance Tables 14 and 15. 

Values in table are in oiims per mile. 


BE.VCTANCE OF CABLE, 2.') CYCLES 


101 


tS 

5 

Is 

CO 1 

to CO 

i-« -'I 5*1 

ui 

eooc’cjt^ 

to x«> J5 

OO — 1 *3 


1 

! 

1-1 *4 

No 4 

o 


1^ «-i « 

tot*. jC O' 
W 51 54 51 

O 

O .-1 5* "*1 
CO 55 -5 

SO corc^ 

*4 4- *4 O 

0 0 4-4- 
SO *5 *5 *0 

H 

4- *1 

( 

No 3 

o 

s 


to lO o ^ 
^ ac c* 

CM 54 5*1 (M 

0 3Q»0 
OO— •''4 
55*^*0 50 

cffi-ei'O 
51 5" '—*5 
SO 5^55 -C 

o — • O — t 
to o o r- 

50 -os* CO 

*0 jr -1 to 
J^r-x X 

rs'o ^ 

No 2 

O 

SO 

eO 

CC 


CS 

eo *'5t>.ao 

CM 54 54 5^ 

TH^CitO 
C* CO 1-1 
eM"oee *0 

OOl>-'-^ 
54-0-^'^ 
CO 50-0 *0 

icl- S o 
eo S 0 5C 

cr^io 33 
04'-l-4- 
50 -O *0 -O 

.-= ! 

4 

! 

No 1 

o 

aa 

CD 

CO 

OO 


eo'tfiooos 

eoocof*- 

CM CM CM CM 

CM CM CC CO 

—(54-0 50 
SC -0*0-0 

CO *0 50 50 

CO 4-0 -O 
O O 4- C- 
-0*0 -0 SO 

SSSS 1 
f 

No 0 

o 

o 

i-H 


I>O0 5MtJ< 
CM '^i<CDI>- 
CM CM CM 54 

54 54 54 55 

0*30 0 51 
Ot^54-0 
SC =0*0 SO 

SI 053 

CO 50 CO 50 

15 O O O 
SO -o -oco 

5K 

coco 

1 

No 00 

o 

o 

eo 
eo 
1— 1 


1-154000 
CM to CO 
CM CM CM CM 

5- to 1-15- 
5-90 03 0' 
51 CM CM 54 

^o'^^oo 

0^rvi54 
CO CO CO CO 

51 «eoc- 
coso-5-et 
coca coco 

iHito ae 1-1 
»c w- »o o 
so COSO so 

t^so i 

*C5- ' 

coco ; 

1 

No 000 

o 

1-1 


tOCD^CM 
i-HOOOO 
54 CM CM CM 

— 10<0 54 

5-CCTt*i-C 
0*0— (54 
CM SO CO eo 

CO CM 5- —1 
CMS0 5<-‘’r4i 
COCO SO CO 

*0 C3 *4 eo 
-*r -« *a *o 
CO coco 50 

i 

No. 0000 

s 

«0 

1-1 

1-< 

« 


ootoco 
i-tco*^»o 
CM CM CM CM 

gggs 

CM CM 5154 

— lOQOtD 

c* o o — » 

54-0 -O *0 

— fC0r-()O 
CM 51-0 CO 
CO -0-0 SO 

03 60 5-0 
-o ift -*(30 
-O "O so 50 

co-o 



J 

04 






1 

o 

OQ 

PQ 

1 

6 

Number of win 

Eci 

»o *o 

ai-(t-4CMCM 

S 

cS 

A 

CQ 

U5 kA 

eoeo-'e<*MH 

toot^x 

CSGi-154 

1-4 i-if-t 

eo^too 

TIM 1-1 1-4 

ooo 

1-4 CM 


For 50 ryclrs, multiply tlie ahoiT laluea by 



















TABLE 18.--REACTANCE OF WIBE, 60 CYCLES 

* -2*-/X74l . 1 logu X10-* ohiiw per mile. 

^-diameter of wire, a-apacmg, measured m the same units as d. 

For three-phase irregular spacing use s “ For three-phase regular flat spacing use s « 1 . 26 at 

For a two-ohaae hne the soacing is the mean distance between centers of conductors of the same phase 
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TRANSMISSION LINE FORMULAS 


Spacing, 

Feet 

hO 20 

20 20 





I-(«-4 0«Cq 

COCO'"#'^ 

20 cot- 00 

020i-f<M 
1-4 1-H 1-4 

eo '<14 20 CO 

I— 1 1-4 •«, 

S8 

No 8 

16,510 

.1285 
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CO rH THIS, 
COI>b-t» 

O01>- cot- 
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t-OOOOOO 

OC4i-4t- 

SoSS 02 

oi'ineot- 
CO'^xoccs 
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co«*n »H 
t- 00 C 2 0 
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s 

<o 

OI 

i 
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o 
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o 
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eo 
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t-t-t-00 

020 ^ 1 * 413 ; 

1-4CO-^10 

oooooooo 

•^co T-ig2 
cot- 00 00 
oooooooo 
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0201-4C4 
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eo»ocoi-i 

goSgg 

.875 

888 

No 0000 

8 

CD 

009f* 

1-4 CO 02 c« 
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TABLE 19A.-REACTANCE OF LARGE COPPER CABLES, 60 CYCLES 
Values in table are in ohms per mile. 

For formulas for reactance of cables, see Chapter XVIII 
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TRANSMISSION LINE FORMULAS 




TABLE 19C.— BEACTANCE OF CABLE, 60 CYCLES 

Sizes for Both Aluminum Cables, Steel Reinforced, 4nd Copper Cables 
For diameters see Resistance Tables 11 and 15 
Values m table are in ohms per mile 
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TRANSMISSION LINE FORIVIULAS 
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For 50 oycles, multiply the above values by 2 
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For 50 cycles, multiply the ebove values by 2. 































TABLE 21iB.— CAPACITY SUSCEPTANCE OP LARGE ALUMINUM CABLES, STEEL REINFORCED, 26 CYCMIS 

Values m table are in mhos per mile. 
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For 50 cyclesi multiply the above values by 2 











TABLE 21C.-CAPACITY SUSCEPTANCE OF CABLE, 25 CYCLES 

Sizes fob Both Aluhinum Cables, Steel Eeibfobced, and Copper Cables 

For diameters see Resistance Tables 14 and 15 
Values in table are m mhos per mile 

For Aluminum Cable, Steel Remfoiced, add 1 5% to the tabulated values 
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For 50 cycles, multiply the above values by 2. 
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TABLE 23B.— CAPACITY SUSCEPTANCE OF LARGE ALUMINUM CABLES, STEEL REINFORCED, 60 CYCLES 

Values m table are in mhos per mile 
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TABLE 230.— CAPACITY 8USCEPTANCE OF CABLE, 80 CYCLES 

Sizes fob Both Aluminum Cables, Steel Reinforcbi), and Copper Cables 

For diameters see Besistance Tables 14 and 15» 

Values in table are m mhos per mile* 

For Aluminum Cable, Steel Reinforced, add 1 5% to the tabulated values 
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TRANSmSSION LINE FORMULAS 


TABLE 26. — CORONA LOSS AND VOLTAOE LIMITS 


Diaraptive Critical Voltage in fair weather: 
aa=°I23nzorfi (loaoij kilovolts to neutral. 

Power Xioss: 

300 jr 

p— (/+25) v/— Kw, pel mile of single conductor, 

5 N/s 


where mo — Irregularity factor. 

a* 1 for polished wires. 

« 0 98 to O 93 for roughened or weathered wires. 

*=0 87 to O S3 for stranded cables. t 
r ** Hadius of conductor m inch^. 

s^^Ajdal spacing of conductors in inches, for triangular spacmg 
17. 9& 

^ 4:59-ht 

b — Barometric pressure m inches. 

Temperature m degrees Fahrenheit. 

/= Frequency m cycles per second. 
e « Effective kilovolts to neutral apphed to the line 

= — ^ times voltage between conductors for three-phase Ime 

Vs 

= i times voltage between conductors for single-phase or two-phase 
lines. 


For stormy weather, consider Co =80% of fair weather value for Cq. It is 
impossible to predict the storm loss with great accuracy because of the many 
variables that enter. 

The operating voltage should not be higher than the fair weather value 
for Co at the given altitude 


♦ from ** Dielectric Plienomezia m SCieh Voltage Bngineeniig,** by F. W Peek, Jr , 
pages 204—211. 

t Pests on 1 moll diameter cables showed that the irregularity factor was approximately 
the same for lO, 37 and 61 strand cables of standard conoentno lay Xhe shght difference 
was in favor of the 37 strand conductor Seven strand cables in large sizes are undesirable 
since the strands become mutilated in manufacture, which lowers »»o. For special types of 
conductors mo should be determined by measurement. 
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TABLE 26 . — Oonivnued 

Corona Limit oe* Voltage at Sea Level 

Kilovolts between conductors at 76 cm barometric pressure and 25 " C. 
Tbree-phase triangular or flat spacmg. 

For single-phase or two-phase, multiply the tabulated voltages by 1 16. 
Multiply the voltages by the Altitude Correction Factor, tabulat^ below. 

Cables, (VTithout Steel Cores) - 


Size, Spacing, Feet 

B & S. or 

Circular ^ ; 

Mils 4 5 6 S 10 12 14 i 16 1 20 

4 56 58 60 62 64 66 6S 1 69 [ 71 

3 62 65 67 70 72 74 76 j 77 SO 

2 71 73 76 79 81 83 85 87 

1 ... 79 81 85 88 91 93 S 95 ! 97 

O 90 95 98 102 104 j 108 { 109 

OO . 98 104 108 111 114 117 121 

OOO 114 118 121 T24 127 132 

OOOO 125 130 135 138 141 146 

250.000 ... 138 144 149 152 156 161 

300.000 151 166 161 165 171 

350.000 - . .. 161 166 170 175 ISO 

400.000 ... 171 176 180 185 192 

450.000 ... 178 184 190 194 200 

600.000 188 194 199 205 210 


800,000 234 241 244 256 

1,000,000 256 264 270 281 
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TRANSMISSION LINE FORMULAS 


TABLE 26 — Continued 

CORONA LIMIT OF VOLTAGE AT SEA LEVEL 

Wires 


Spacing, Feet 
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66 
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AliTITTIDE CORHECnON' FACTOR AT 25® C. 

























STAB. VOLTAGES 
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TABLE 27.— STAB VOLTAGES 

Star Vol-tage, or Vomagb to Nbtttral. — Line Voetage~X''3 for 

Thbbe-phase Circuits 


Line Voltage 

Star Voltage 

Line Voltage 

Star Voltage 

10,000 

5,774 

33,000 

19,050 

10,500 

6,062 

35,000 

20.210 

11,000 

6,351 

40,000 

23,090 

iiisoo 

6,640 

44,000 

25,4(XI 

12,000 

6,928 

45,000 

25,9!s0 

12,500 

7,217 

50,000 

2S,i>70 

isiooo 

7,506 

55,000 

31.750 

13,200 

7,621 

60,000 

34.640 

13,600 

7,794 

65,000 

37,530 

14;000 

8,083 

66,000 

38,110 

14,500 

8,372 

70,000 

40,410 

15,000 

8,660 

75,000 

43,300 

16,000 

9,238 

77,000 

44,4tK) 

17,000 

9,815 

80,000 

46,190 

18,000 

10,390 

85,000 

49,070 

19,000 

10,970 

88,000 

50,810 

20,000 

22,000 

11,550 

12,700 

90.000 

95.000 

51.960 

54,850 

25,000 

14,430 

99,000 

57,160 

30,000 

17,320 

100,000 

57,740 
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TRANSMISSION LINE FORMULAS 


TABLE 28 — ^POWER FACTOR AND REACTIVE FACTOR 


Cos 0 

Power Factor 

Sin 0 

Reactive Factor 

Cos 6 

Power Factor 

Sin 0 

Reactive Factor 

.50 

.8660 

.76 

6614 

.51 

8602 

.76 

6499 

52 

.8542 

.77 

6380 

.53 

.8480 

78 

.6268 

54: 

.8417 

.79 

.6131 

.55 

.8352 

.80 

6000 

.56 

8285 

.81 

.6864 
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.4931 
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.68 
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.69 

.7238 
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.7141 
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.3123 
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,7042 

96 

2800 
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6940 

97 

2431 

73 

6834 

98 
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74 

.6726 

99 

1 00 

.1411 

0 
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three-phase, irregular spacing . ^ 13 q 

thiee-phase, regular flat spacmg I33 
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